THE PRECIPITOUSNESS OF TAIL CLUB GUESSING IDEALS

TETSUYA ISHIU

ABSTRACT. From a measurable cardinal, we build a model in which the non-
stationary ideal on w; is not precipitous, but there is a precipitous tail club
guessing ideal on wi.

1. INTRODUCTION

Club guessing sequences were introduced by S. Shelah in the 1980s, for example
in [8]. Since then, they have been proven to be effective tools to show results under
ZFC. There are two types of club guessing sequences, tail club guessing sequences
and fully club guessing sequences. In this paper, we shall concentrate on tail club
guessing sequences.

When C is a tail club guessing sequence on k, then we can define the filter
TCG(C_") on k associated with C, which is called the tail club guessing filter. The
definition is essentially due to S. Shelah. The tail club guessing ideal simply refers
to the dual ideal of the tail club guessing filter. When I' is a property of ideals, we
say that a filter F' has I' if and only if its dual ideal has I"'. When F is a filter, F
denotes the dual ideal of F.

There are several results about the precipitousness of tail club guessing ideals. In
[10], H. Woodin proved that it is consistent relative to the consistency of a Woodin
cardinal that NS, is Na-saturated and there exists a tail club guessing ideal C on
wy such that NS,,, = TCG(C), in particular, TCG(C) is precipitous. M. Foreman,
M. Magidor, and S. Shelah in [3] that if we collapse a Woodin cardinal to ws by the
Levy collapse, then NS, is precipitous. In [4], the author showed that every tail
club guessing ideal on w; is precipitous in this model. In the same paper, it was
thus asked if it is consistent that NS,,, is not precipitous, but there is a precipitous
tail club guessing ideal on w;. This is the question we shall answer in this paper.
In addition, the model is built from a measurable cardinal. Hence, it also shows
that the existence of a precipitous tail club guessing ideal is equiconsistent with the
existence of a measurable cardinal.

We follow the standard notations in set theory. Lim stands for the class of
limit ordinals. For every ordinal «, cf(a) denotes the cofinality of a. Meanwhile,
for every regular cardinal u, Cof(u) denotes the class of all ordinals « such that
cf(a) = p. When X and Y are sets of ordinals, we say that X is almost contained
in'Y and write X C* Y if and only if there exists a ¢ < sup(X) such that X\( C Y.
When X is a set of ordinals, let acc(X) denote the set of all & € X such that aNX
is unbounded in «. Let nacc(X) = X \ acc(X). An ordinal « is indecomposable
if and only if for every 8 < a, 8+ a = a. When F is a filter on k, we say that
a subset X of k is F-positive if and only if k \ X ¢ F. FT denotes the set of all
F-positive subsets of k. We automatically assume that & is a name for x. When
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P is a forcing notion, we shall write Gp for the standard P-name for the generic
filter.
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2. TAIL CLUB GUESSING IDEALS

Many notions in this section can be defined on any uncountable regular cardinal.
But we shall focus on wq, which is required to prove the main theorems.

The following notions were introduced by S. Shelah in [8] though he used different
terminology.

Definition 2.1. Let S a stationary subset of w; N Lim. We say that a sequence

—

C=(Cs|6€S8)is a tail club guessing sequence on S if and only if

(i) for every § € S, Cs is an unbounded subset of §, and
(ii) for every club subset D of wy, there exists a § € S such that C5 C* D.

A tail club guessing ideal, which is the main focus of this paper, is defined as
follows.

Definition 2.2. Let € = (C5 |6 € S) be a tail club guessing sequence on a station-
ary subset S of w; NLim. We define the tail club guessing filter TCG(@) associated
with C as the filter on w; generated by the sets of the form {§ € S| C5 C* D} for
some club subset D of wy. A tail club guessing ideal is the dual ideal of a tail club

guessing filter.

—

In [8], S. Shelah showed that TCG(C) is countably complete and normal for
every tail club guessing sequence C on wy N Lim.

As it is written in the Introduction, some models in which TCG(C_") is precipitous
for some tail club guessing sequence C are already known. However, it was not
known whether it is consistent that for some uncountable regular cardinal x, NS,
is not precipitous, but there exists a tail club guessing sequence C on kN Lim such
that TCG(C_") is precipitous. Moreover, the consistency strength of the precipitous
tail club guessing ideal was not known as a Woodin cardinal was required to build
any previously known models of precipitous tail club guessing ideals. We shall
answer these two questions in this paper.

The following property of tail club guessing sequences plays an important role
in the later sections.

Definition 2.3. Let C be a tail club guessing sequence on a stationary subset S of
wiNLim. We say that C has order type ¢ if and only if for every 6 € S, otp(Cs) = €.

—

The set S is denoted as dom(C).

Note that not all club guessing sequences have order types. However, for every
tail club guessing sequence C = (Cs|6 € S), either there exists an X € TCG(C)
such that for every 6 € X, otp(Cs) = ¢ or there exists an € < wy such that
{6 €5 |otp(Cy) = e} is TCG(C)-positive.

By the following proposition, we may focus on the case where the order type of
a tail club guessing sequence is indecomposable.
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Proposition 2.4. Let C = (Cs | 6 € S) be a tail club guessing sequence on a sta-
tionary subset S of wy N Lim. Suppose that C has order type €. Let €1 < € and &4
be ordinals such that € = €1 + 3. Then, there exists a tail club guessing sequence
¢ = (C5 16 €8S) onS such that C’ has order type e5 and for every club subset D of
wy and 6 € S, Cs C* D if and only if C5 C* D. In particular, TCG(C) = TCG(C")

Proof. Since C has order type €, for each § € S, Cy is an unbounded subset of §
suuch that otp(Cs) = . Since g1 < ¢, there exists a ns € Cj such that otp(CsNns) =
€1. So, otp(Cs \ ns) = 2. For each § € S, let C5 = Cs \ 5. Then, trivially for
every club subset D of wy and § € S, Cs C* D if and only if C§ C* D. O

The following properties of club guessing sequences were introduced by the au-
thor in [5].

Definition 2.5. Let 7 : w; — [w1]¥0 We say that a subset X of wy is T-weakly tight
if and only if for every v € nacc(X), X Ny € 7%y.

Definition 2.6. Let ¢ = (C5|6 € S) be a tail club guessing sequence on a sta-
tionary subset S of wy; N Lim.

(i) We say that Cis T-weakly tight if and only if for every § € S, Cs is T-weakly
tight. We say that Cis weakly tight if and only if there exists a function
7wy — [wi]™0 such that € is 7-weakly tight.

(ii) We say that C is simple if and only if for every § € S and vye CsNS,
C, \ Cs is unbounded in 7.

For example, if C has order type € and ¢ is indecomposable, then C is simple.
If C has order type w, then C is also weakly tight. Simple weakly tight tail club
guessing sequences are easier to deal with, as we will observe in Lemma 2.17 and
Lemma 2.19.

Definition 2.7. A sequence (N, | a < n) is called a tower if and only if
(i) for every limit o <n, No =g, N, and
(ii) for every a < n, (Ng|B < a) € Noy1.

Typically, n < wy and each N, is a countable elementary submodel of H(6) for
some large regular cardinal §. If it is the case, then for all 8 < a < 7, we have
Nz C N,.

Fact 2.8. Assume CH and let T be a bijection from wy onto [wi|SN0. Let e < wy be
a limit ordinal. Define D to be the set of all limit ordinals v < wy such that there
exists an unbounded subset C' of v that is T-weakly tight and otp(C) = €. Note that
D contains a club subset of wy.

Proof. Let (N, | a < wi) be a tower of countable elementary submodels of H(Rs)
with 7, € Ny. For each o < wy, let 6, = Ny Nwy. Let (g, | n < w) be a sequence
of nonzero ordinals such that ) _ e, =¢ and (e, | n < w) € Ny. Define D to be
the set of all § < wy such that NgNwy = J. It is easy to see that D is a club subset
of Ww1.

We shall show that D C D. Let v € D. Let (7, | n < w) be an increasing cofinal
sequence in vy such that for each n < w, v, + € < Yp41. Define

C=|J{0%|Im<E<ym+en}

n<w
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It is easy to see that C' is an unbounded subset of 6, = v and otp(C) = > _ &n =
. We shall show that C is 7-weakly tight. Let 8 € nacc(C). Define 8 = sup(C'Np).
By the definition of C, there exists n < w and an ordinal ¢ such that 3 = §¢ and
Tn < €& < 4y + €y Since (Ny | a <wi) is a tower, (No | <) € Nepq. So,
(0o | 0 < &) € Neyr. Moreover, both (v, | m <n) and (g, | m < w) belong to
Ne¢q1. Note

CnB=J {0l mm<n<ymtemtU{d|m<n<el
m<n
So, C'N 3 can be computed correctly in N¢qq and hence C N B € Neyq. Since 7 is
a bijection from wy onto [wi]S%0, CN B € T4(Ney1 Nwi) = 7%(8eq1) C T6. O

Definition 2.9. Assume CH. Let 7, ¢, and D as in Fact 2.8. Suppose that ¢ is
indecomposable.

We shall define the forcing notion R to add a weakly tight tail club guessing
sequence of order type ¢ be the set of all functions r such that dom(r) = DN §
for some ordinal § < wy, and for every v € D N6, r(7) is a 7-weakly tight closed
unbounded subset of v such that otp(r(y)) = e. R is ordered by end-extension.

It is easy to observe that R is countably closed. We shall show that R indeed
adds a weakly tight tail club guessing sequence of order type €.

Definition 2.10. Let € < w;. A forcing notion P is called e-proper if and only
if whenever (N, | o < €) is a tower of countable elementary submodels of H(6) for
some sufficiently large regular cardinal 6 with ¢, P € Ny, for every p € P N Ny,
there exists a ¢ < p that is (N,, P)-generic for every a < e.

We say that P is <e-proper if and only if P is &-proper for every &’ < ¢.

Fact 2.11. Every countably closed forcing notion is <wi-proper.

Lemma 2.12. Let H be an R-generic filter over V.. For each § € D, let Cs = r(J)
for some (all) r € H. Then, C = <05 ‘ o€ D> is a weakly tight tail club guessing
sequence of order type € on D in V[H].

Proof. Let 7 € R. For each 6 € D, let Cs be an R-name for Cs. Let D be an
R-name for a club subset of w;.

Let (N5 | v < wi) be a tower of countable elementary submodels of H(Rg) with
T,E,D € Ny. Let D be the set of all § < wy such that Ns Nwy; = 9. Let v € D. By
using the same argument as in the proof of Fact 2.8, we can build an unbounded
subset C of v such that otp(C) =€, C is T-weakly tight, and C C D.

Since R is countably closed, R is <wi-proper. So, there exists ' € R such that
7" < r and r’ is (Ng, R)-generic for every ¢ < 4. Since D € Ny, for every £ < v,
" I Ne Nwy € D. In particular, v’ I C € D C D. Define " = ' U {(y,C) }.
Then, r" I C, = C C D. O

The following forcing notion was used in [9, Chapter XVIII §1] by S. Shelah.

Definition 2.13. Let C = (Cs |8 € S) be a tail club guessing sequence on a station-
ary subset S of w; NLim. For every X € TCG(Cﬂ)‘*7 we define the standard forcing
P(C, X) to shoot a TCG(C)-measure one set through X as follows: p € P(C, X) if
and only if p is a closed bounded subset of w; such that for every 6 € S N acc(p),

{6eSnacce(p) | Cs C* p} C X. P(C,X) is ordered by end-extension.
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It is easy to see that P(é, X) forces that C is a tail club guessing sequence on

wi and X € TCG(C).
We shall review several properties of this forcing notion.

Lemma 2.14 (S. Shelah [9]). Let ¢ < w;. Let <Pa,QB‘a§n,,@<n> be a

countable-support iteration such that for each a <, P, forces that Qo is g-proper.
Then P, is e-proper.

The following notions were introduced by T. Eisworth and J. Roitman in [2].

Definition 2.15. Let P be a forcing notion. Let N be a countable elementary
submodel of H () for some sufficiently large regular cardinal 6 with P € N. We
say that p € P is totally (N, P)-generic if and only if p is (N, P)-generic and decides
all dense subsets of P lying in N.

We say that P is totally proper if and only if for every sufficiently large regular
cardinal 6, every countable elementary submodel N of H(0), and every p € NN P,
there exists a totally (N, P)-generic condition g < p.

The following proposition was proved in [2]

Proposition 2.16. For every forcing notion P, the following are equivalent.

(i) P is totally proper.
(i) P is proper, and forcing with P adds no new function from w to V.
(iii) P is proper, and forcing with P adds no new reals.

Unlike e-properness, total properness is not preserved by countable support it-
eration. It was discussed by S. Shelah in [9].
The following lemma was proved by the author in [5].

Lemma 2.17. Let C = (Cs5|6 € S) be a simple weakly tight tail club guessing
sequence on a stationary subset S of w; N Lim and X € TCG(C_")JF.
(i) P(C,X) is totally proper.
(i) If C has order type £ for some indecomposable ordinal e, then P(é,X) 18
<e-proper.

We can prove the following lemma about countable support iterations of forcing
notions of this form.

Lemma 2.18. Let C = (Cs|6 € S) be a simple weakly tight tail club guessing
sequence on a stationary subset S of wi N Lim. Let <Pa, Qg |la<n,pB< 77> be a

countable-support iteration such that for every § < n, there exists a Pg-name Xg
for a subset of wy such that 1p, I+ Qﬁ = P(é, XB) Let D be the set of all p € P,
such that there exists § < wy such that for every B8 € supp(p), p | B decides p(8)
and max(p(B)) = 4.

Let N be a countable elementary submodel of H(0) for some sufficiently large
regular cardinal 0 with 6, P, e N. Let 6 = NNwy. Then, there exists p' < p such
that p' is totally (N, P,)-generic and p’ € D. In particular, P, is totally proper and
D is dense.

Proof. Let (£, | n <w) be an enumeration of all open dense subsets of P, lying
in N, and (3, | n < w) an enumeration of N Nn. By induction, we shall build a
decreasing sequence (p, | n < w) in P, N N as follows.
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First suppose § ¢ S. Then, let pg = 0 and for every n < w, let pr+1 < pn
be so that p,+1 € &, N N. Define p, so that supp(p,) = N N7 and for every
EAS SUPP(Pw); pw [ B1F pw(ﬁ) = Un<wpn(ﬁ) U {5} It is easy to see that p, is
totally (N, P,)-generic. We can also prove that for every € supp(p.), pw | 5
decides p,(B) and p,, | 8 IF max(p,(8)) = .

Suppose § € S. Let (&, | n <w) be an enumeration of all open dense subsets
of P, lying in N, and (f, | n < w) an enumeration of N N7. By induction, we
shall build a decreasing sequence (p, |n < w) in P, N N as follows. Let py = p.
Suppose that p,, is defined. Let p!, < p, be so that p!, € &, and for every m < n,
pl, | Bm decides pl (B). We shall identify p! (8,,) with its decided value. Let
G = maxJ,, <, Ph(Bm) and v, = min(Cs \ (,). Since Cs is an unbounded subset
of 8, 7, is defined.

Define p,, 11 < p, by letting

ph(B)U{y+1} if B =B, for some m <n

pn+1(ﬁ) = { ,

o, (B) otherwise

Define p,, so that supp(p.,,) = NN and for every 5 € supp(pw), pw | B IF pu(B8) =
Un<w Pn(B)U{d }. We shall show that p,, € P,,. Since |supp(p.,)| = [NNn| = Ry, it

suffices to show that for every 8 < n, p, | BIF pu(8) € Qﬂ. We go by induction on
B. Suppose p,, | 8 € Pg. If 8 ¢ NN, then trivially p,, | 8 I p.,(8) € QB~ Suppose
B € N Nmn. Then, there exists m < w such that 8 = (,,. Notice that for every
n,l <w, if m <n <l wehave v, € pi(Bm). S0, Pw(Bm) N{m | Mm<n<w} =9
It is easy to see that (v, | n < w) is an unbounded subset of Cs. So, Cs * pu,(Bm)
and hence p,, | B IF pu(B) € Qg = P(é, Xg)

Clearly, p,, satisfies the desired conditions. O

When p € D, we say that the height of p is ¢ if and only if for every 5 € supp(p),
max(p(8)) = 0, and we write ht(p) = 6. We may identify p(8) with its decided
value and identify p with a subset of 7 x (6 + 1) by considering { (8,7) | v € p(8) }.

Lemma 2.19. Let C = (C5]0 €8) be a simple weakly tight tail club guessing
sequence on a stationary subset S of wi N Lim and X € TCG(@)“‘. Suppose that
6 is a sufficiently large regular cardinal. Suppose (N, |~y <v+1) is a tower of
countable elementary submodels of H(0). Define 6y = Ny Nwq for all v < v. Let
D be a closed subset of v+ 1 such that for every v € nacc(D), DN~y € Ny and for
every limit ordinal v < v, if 04 € S, then Cs, ¢*{é,lpeDn~}

Let <Pa, Qg la<np< n> be a countable-support iteration such that for every

a < 1, there exists a P,-name X, for a subset of wy such that 1p, IF Qu =
P(C, X,).
Then, for every p € P, N Ny, there exists ¢ < p such that for every v < v,
(1) if v € D, then q is totally (N, P,)-generic, and
(it) if v & D, then for every B € NyNn, dy € q(B).

Proof. Define D as in Lemma 2.18. Then, D is dense in P,, so we may focus on D.
Let ¢(g,7) denote the statement that ‘if v € D, then ¢ is totally (N, D)-generic;
if v & D, then for every 5 € Ny, Nn, 6, & p(B). Notice that if »(q,7), dy < ht(g),
and ¢’ < p, then (¢, v) also holds.



THE PRECIPITOUSNESS OF TAIL CLUB GUESSING IDEALS 7

Claim 2.19.1. Let ¢,¢' € D and v < v be so that ¢ < ¢ and for every £ < 7,
©(q’, &) holds. Then, there exists § € P such that ¢ < ¢, ht(g) < 4., and for every

£ <7, 0(g,6).

Proof. Let ¥ = max(D N~). If ht(q) > 05, then it is easy to observe that § = ¢
works.

Suppose ht(g) < d5. Define § by letting supp(gq) = supp(¢’) and for every 5 €
supp(q), d(8) = (¢ ()N (55 +1))U{ 85 + 1}. Clearly, g € D and ht(g) = 6511 < 3.
Since ht(gq) < 05, for every 8 € supp(q), we have ¢(8) = ¢'(8) N o5 = ¢(B) N 5.
Thus, ¢ < g. Tt is easy to see that for every & < ~, (g, ) holds. O

We go by induction on v. For every v < v, let , = Ny Nwy.
Case 2.19.1. v =0.

If 0 ¢ D, then let ¢ = p. If 0 € D, then since D is totally proper, there exists
q < p such that ¢ is totally (Np,D)-generic. It is easy to see that in both cases, g
works.

From now on, assume v > 0.

Case 2.19.2. v is a successor ordinal and v € D.

Let 7 be the predecessor ordinal of v. By the Inductive Hypothesis, there ex-
ists ¢ < p such that ¢(g,7) holds for all v < ©. Since v € nacc(D), we have
(Ny|v<P),DNv € N,. So, without loss of generality, we may assume § € N,
and ht(q) < 0. Let ¢ € D be defined by supp(¢’) = Nz N n and for every
B8 e supp( "), let @(8) = @(B) U{ds +1}. Since D is totally proper, there exists
q < ¢ such that ¢ is totally (N, D)-generic. It is easy to see that ¢(g,~) holds for
all v < w.

Case 2.19.3. v is a successor ordinal and v ¢ D.

Let v be the predecessor ordinal of v. By the Inductive Hypothesis, there exists
q < p such that ¢(g,7v) holds for all v < 7. We may assume that ht(q) < ;. So,
(g, v) holds also.

Case 2.19.4. v is a limit ordinal and v € D.

Since D is closed, there exists ¥ < v such that D C
Hypothesis, there exists ¢ < p such that ¢(g,7) holds for all
Since ht(q) < d5 and D N [P, v] = &, we have for every 7 € (

7. By the Inductive
v < v and ht(q) < d5.
v,v], ©(q,7) holds.

Case 2.19.5. v is a limit ordinal and v € nacc(D).

Since v € nacc(D), there exists the predecessor 7 of v in D. Thus, D Nv =
Dn (v +1). Also, by assumption, we have (N, |v<7),DNv € N,. Since v is a
limit ordinal, we have N, = U#<V N,,. So, there exists p < v such that DNy € N,,.
Without loss of generality, we may assume p > 7. Since (N, |y < v+ 1) is a tower,
we have (N, |y <u) € Nyy1. Notice DN (6, +1) =DnN(r+1) € Nyp1. By
the Inductive Hypothesis, there exists ¢ < p such that ¢(g,~) holds for all v < p,
ht(q) <6, and § € Nyy1.

If 6, ¢ S, let (§,|n <w) be an increasing cofinal sequence in §, such that
§o > 0,41 and for all n < w, there exists v < v such that §, <, < &,11. If 0, € 5,
let (£, |n < w) be an increasing cofinal sequence in Cjs, such that & > J,11 and
for all n < w, there exists v < v such that &, < 0y < &pqa.
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Since {0, |y < v} is closed, for each n < w, there exists 7, < v such that
0ry,, < &y < d4,41. By the definition of (&, |n < w), (y,|n < w) is increasing. Let
{&,|n <w} be an enumeration of all open dense subsets of D lying in N, such
that for all n <w, &, € N,,,.

We shall build a decreasing sequence (g, |n < w) with ¢, € N, as follows.
Define g9 € P so that supp(go) = N, N7 and for every S € supp(qo), qo(3) =
g(B)U{d,+1}. Then, go € N,yy1. Since §,4+1 < & < dyy+1, we have p+1 < .
So, qo € Nyy1 € N,,. Since gy € Ny11, we have ht(go) < 0,41. So, for every
7€ (/1471/) and ﬂ € N“/ﬂ777 67 €QO(B)

Suppose that g, € N,, is defined. Define ¢, so that supp(q;,) = N,, N7 and
for every 8 € supp(q,), ¢,(8) = @u(B) U{& +1}. Then ¢, € N, 41. Since
q),,En € Ny, 11, there exists ¢,4+1 < ¢, such that ¢,1 € &, N N, 41. It is easy to
see that for every 8 € Ny, Nn, &n & ¢nr1(8), &€n < ht(gn+1), and for every v € (u,v)
and B € N, N1, 0y € qny1(B). Since v, + 1 < ypq1, we have g1 € N, -

Define ¢ € D so that supp(q) = N, Nn and for every 8 € supp(q), ¢(8) =
Uncw @ (B)U {0, }. If 6, € S, trivially we have ¢ € D. Suppose ¢, € S. We shall
show that for every 8 € supp(q), Cs, * ¢(5). Since supp(q) = N, N, there exists
n < w such that 8 € N,, Nn. Then, for every m < w, if n < m, then g € N, Nn.
S0, &m & Gms1(8) and &n < ht(gm1). Thus, &m & q(8). Therefore, Cs, £* (B).
So, ¢ € P. For all v < p, since ¢(qo,7) holds, 6, < 6, < ht(gy) and ¢ < go, we
have ¢(g,v). For all v € (u,v) and 3 € N, N, since v &€ D and 6, & q¢(5), »(q,7)-
Since ¢ € &, for all n < w, q is totally (N,,D)-generic. Thus, ¢(g,~) holds for all
v <.

We shall prove the following claim before discussing the cases where v € acc(D).

Claim 2.19.2. If v € acc(D), then for every v < v, DN (7 4+ 1) € Npin(D\(441))-

Proof. Let p = min(D\ (y+1)). Since v € acc(D), we have u < v. So, DN(y+1) =
DN p € N, by assumption. O

Case 2.19.6. v € acc(D) and 6, € S.

Let (v, |n < w) be an increasing cofinal sequence in v. We shall construct a
decreasing sequence (p,, | n < w) and increasing sequences (7, |n < w), (i, |n < w),
and (£, |n < w) of ordinals such that for all n < w, p,, € Ny 41, Y < ptn < Ynt1,
Hn > Up, ht(p,) > d,,, and ¢(py,~y) holds for all v < ,. Let 79 = 0. By the
Inductive Hypothesis, there exists p’ < p such that p’ € N; and ¢(p’,0) holds.
Without loss of generality, we may assume ht(p’) < &g. Define py € P so that
supp(po) = supp(p’)U(NoMNn) and for every 8 € supp(po), po(8) = p'(B)U{do + 1 }.

Suppose that p, and 7, have been defined. Let pu, = max{ v, y» }. Let Y511
be the largest such that either v,11 < pp, +1 or DN (py +1) ¢ N, +1. Since
(N4 | v <wv) is continuous, such 7,41 exists. Trivially, we have D N (u, + 1) €
Ny, 141. Since D O (pin + 1) € Nin(D\ (pn+1))s We have v, 11 < min(D \ (g + 1)).
So, (tn, Yntr1]ND = @. By the Inductive Hypothesis, there exists p!, < p,, such that
©(p,,~v) holds for all v € [y, + 1, p,]. Without loss of generality, we may assume
ht(p;,) < 6, and p), € N,, ., 11. Define pp11 € D so that supp(pni1) = supp(p},) U
(Ny,., Nn) and for every 8 € supp(pn+1), Prnt1(B) = p,(8) U{0,,,, +1}). Then,
©(Pn+1,7) holds for all v < p,, and ht(p,41) = d5,.,,+1. Since ht p;, < 4§, , we have
for all v € (fn,Ynt1] and B € Ny N1, 6y & ppy1(B). Since (pn, Ynt1] N D = @,
©(pn+1,7) holds for all v € (pin, Yn+1]-
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©

Define ¢ so that supp(q) = U, .., supp(p») and for every § € supp(q), q(8) =
Unew Pn(B) U{d, }. Since 6, € S, we have g € D. Clearly, we have for all v < v,
©(g,7) holds. Since v € acc(D), there exist unboundedly many v < v such that
v € D. Then, g is totally (N,,D)-generic. So, g is totally (NN,,D)-generic. Since
v € D, it implies that ¢(q,v) holds.

Case 2.19.7. v € acc(D) and C5, C* {4, |y < v}

Since Cs, ¢* {4, |y € DNv} by assumption, there exist unboundedly many
v < v such that v € D and 6, € Cs,.

Let (v, |n < w) be an increasing cofinal sequence in v. We shall construct a
decreasing sequence (p,, | n < w) and increasing sequences {7y, |n < w), (i, |n < w),
and (£, |n < w) of ordinals such that for all n < w, p, € Ny, 41, Y < tin < Ynt1,
Wn > Vp, ht(p,) > d,,, and @(pn,7) holds for all v < 7,. Let 79 = 0. By
the Inductive Hypothesis, there exists p’ < p such that p’ € Ny and ¢(p’,0) holds.
Without loss of generality, we may assume ht(p’) < dg. Define pg so that supp(pg) =
supp(p’) U (No Un) and for every 8 € supp(po), po(B) = p'(8) U{do +1}.

Suppose that p,, and =, have been defined. Then, there exists u,, < v such that
pn & D, 6., € Cs,, and py, > max { v, ¥n }. Note DN (pin 4 1) € Nuin(D\ (1))
Let yp41 be the largest such that either v, 41 < pn+10r DN(py+1) € N, . Since
(Ny |y < v) is continuous, such an vy,41 exists. Trivially, we have D N (u,, +1) €
Ny, 141. Since DN (pn + 1) € Npin(D\ (un+1))> We have vy, 41 < min(D \ (p,, +1)).
So, (tn,Ynt+1] N D = &. By the Inductive Hypothesis, there exists p/, < p,, such
that ¢(pl,,~) holds for all v € [y, + 1,un]. In particular, since u, ¢ D and
©(p},, pn) holds, for every 8 € N, Nmn, we have 6,, & p,(3). Without loss of
generality, we may assume ht(p;,) < 0, and p), € N, 1. Define p,41 so that
supp(pn+1) = supp(p,) U (Ny,,, Nn) and for every 5 € supp(pn+1), pat1(B) =
P (B)U{0,,., +1}. Then, ¢(p,41,7) holds for all v < pu,,. Since ht(p],) < 9y, , we
have for all ¥ € (pin, Yn+1] and B € N, N1, 0y & pry1(B). Since (fn, Tn41]ND = @,
@(Pnt1,7) holds for all v € (ptn;, Ynt1]-

Now, define ¢ so that supp(q) = UU,,.,, supp(p,) and for every 8 € supp(q),
q(B) = UpecwPn(B) U {0, }. Toshow q € D, let 3 € supp(q). It is easy to observe
supp(q) = N, Nn. Since (u, | n < w) is cofinal in v, for sufficiently large n < w,
we have § € N,, Nn. By construction, for every m < w with m > n, ©(pm, tin)
holds. If g € N, N, since pp, & D, 0., & pm(B). Thus, 6,, & q(B). Since
{pn | n <wAB €N, Nn}isan unbounded subset of Cs,, we have C5, €* ¢(53).
Thus, g € P. It is easy to see that for all v < v, p(q,~) holds. Thus, for ally € DN,
q is totally (N, D)-generic. Since D Nv is unbounded in v and N, = J.,_, N, we
can see that ¢ is totally (N,,D)-generic. Since v € D, ¢(q,v) holds.

Case 2.19.8. v € acc(D) and Cs5, €* {6, |y < v}

Then, there exists unboundedly many ¢ < J, such that & € Cs, and £ ¢
{0y |7 <v} Let (v,|n < w) be an increasing cofinal sequence in v.

We shall construct a decreasing sequence (p,, | n < w) in D, increasing sequences
(v n <w), (pn|n <w), and (&, |n < w) such that for all n < w, p, € Ny, 41,
gn € C5u \ {67 | 7 < V}v gn < ht(anrl)v for every B € Supp(pn+1)7 gn g pn+1(ﬁ)7
Un < & < Ynt1, and @(py,y) holds for all v < ~,,. Let 9 = 0. By the Inductive
Hypothesis, there exists p’ < p such that p’ € Ny, ¢(p’,0) holds, and ht(p') < do.
Define pg € D so that supp(pg) = supp(p’) U (No Nn) and for every S € supp(po),
po(B) =¥/ (B) U {8 +1},

y<v
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Suppose p,, and 7y, are defined. Let &, € Cs, \ {dy | v < v} such that &, >
max { vp, 05, }. Let w, be so that 6, < &, < d,,+1. Let v,41 be the largest such
that either v,41 < g, +1 0or DO (i, +1) € Ny, . Then, DN (i +1) € Ny, 41
Since D N (pn 4+ 1) € Nuin(D\(un+1))» We have v,11 < min(D \ (4, + 1)). So,
(ttn, Yn+1] N D = @. By the Inductive Hypothesis, there exists p!, < p,, such that
©(ph,,7v) holds for all v € [y, + 1, p,]. Without loss of generality, we may assume
ht(p;,) < 9y, and pj, € Ny, 1. Define p,41 so that supp(pp41) = supp(p,) U
(Ny,., Nn) and for every 8 € supp(pn+1), Pn+1(B) = p},(8) U{6,,., +1}. Then,
for every 6 € N’yn+1 nmn, (611"’57”4_1] mpn+1(6) =g. In particularv gn ¢ pn—‘—l(ﬂ)'
Since (pin, Yn+1] N D = @ and for every € Ny, ., N1, (04,304, N Puy1(B) = @,
©(Pnt1,7) holds for all v € (pn,Vnt1]- Therefore, for all v < 4,41, we have
©(Pnt1, ’Y)-

Define ¢ so that supp(q) = U, .., supp(p») and for every § € supp(q), q(8) =
Un<w Pn(B) U {6, }. To show g € D, we shall show that for every 3 € supp(q),
Cs, €* q(B). It is easy to see supp(¢) = N, Nn. Since (v, | n < w) is unbounded
in v, there exists n < w such that 5 € N, 11 Nn. Then, for every m < w with
m > n, & & pm+1(B) and ht(pmy1) > Opmir 2 Ot > Eme S0, & & q(B).
Since { &, | m > n} is an unbounded subset of Cjs,, we have Cs5, Z* q(8). By the
same argument as in the previous case, it is easy to see that ¢(g,~) holds for all
v <. O

The following notion is the same as what was called an outside club guessing
sequence by M. Dzamonja and S. Shelah in [1].

Definition 2.20. Let W be an inner model of V and x an uncountable regular
cardinal in W. Then, we say that a subset C of « is a fast club subset of kK over W
if and only if for every club subset D of & lying in W, C' C* D.

The following property of a precipitous tail club guessing sequence is not directly
used in the following sections, but it will help understand them, particularly Section
4.

Lemma 2.21. Let C = (Cs | 6 €8S) be atail club guessing sequence on a stationary
subset S of wy such that TCG(C) is precipitous. Let U be P(w1)/ TCG(C)-generic
over V, and j : V — M the induced generic elementary embedding. Then, j(C)s is

a fast club subset of wi over V.

Proof. Let D be a club subset of w; with D € V. Then, {6€ S|C5C* D} is

—

TCG(C)-measure one. Thus, wy; € j({d € S| Cs €* D}), namely j(C); C* D O
3. PRECIPITOUS IDEALS IN L[U]

In this section, we shall present several lemmas about models of the form L[U]
and its extensions. Note that the square brackets are used to denote generic exten-
sions and relative constructibility. The following theorem of K. Kunen shows that
any models of the form L[U] are closely related.

Theorem 3.1 (K. Kunen [7]). Let k1, ke be cardinals with k1 < ko. Let Uy and
Us be so that U; is a normal measure on k; in L[U;]. Then, L[Us] is an iterated
ultrapower of L[Uq].

The following two lemmas are about x-complete normal precipitous ideals on &
for some uncountable regular cardinal x in a generic extension of L[U].
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Lemma 3.2. Let k be a measurable cardinal, U a normal measure on k, and
j: V. = M the induced elementary embedding. Suppose V. = L[U]. Let P be a
forcing notion and G a P-generic filter over V. Suppose that in V[G], I is a k-
complete normal precipitous ideal on r. Let W be P(r)/I-generic over V|G| and
let k : VIG] — M’ be the generic elementary embedding induced by W. Then,
M'" = L[k(U)][K(G)].

Proof. Since k(U) and k(G) belong to M’, we have L[k(U)|[k(G)] € M'. To see
M’ C Lk(U)|[k(Q)], let x € M'. Then, there exists a function f in V[G] such
that [flw = z. So, there exists a function g such that for every v < k, g(v) is a
P-name such that g(y) € V and (9())¢ = f(7). So, in M’, [g]w is a k(P)-name
such that ([glw )" = (k(g)(x)*D = k(f)(k) = [flw = . Since g : K — V, we
have [glw € L[k(U)]. Thus, x € L[k(U)][k(G)]. O

Lemma 3.3. Let k be an uncountable cardinal. Then, for every v € H(xk™),
there exist functions p, and v, with domain k that satisfy the following condition.
Suppose that V[G] is a generic extension of V, k and J is a k-complete normal
precipitous ideal J on k in V[G]. Let W be P(r)/J-generic over V|G| and k :
VI[G] — M’ the induced generic elementary embedding. Then, we have [pzlw = x
and [vzlw =k | z.

Proof. We shall prove it by induction on the rank of z. Let z € H(x™) be so that
for every y € z, p, and v, are defined. Let f : |z] — = be a bijection. Since
x € H(kT), we have |z| < k. If 2] < &, then let p.(v) = {pse)(7) | € <|z|}. If

|| = &, then let p2(7) = {pse)(7) [ § <7} Define v = {{py(7), ) |y € pa(7) }.
It is easy to verify that p, and v, satisfy the desired conditions. (Il

The point of the last lemma is that p, and v, are defined in V' without specifying
a precipitous ideal in the extension.

4. A PRECIPITOUS TAIL CLUB GUESSING IDEAL FROM A MEASURABLE CARDINAL

The following three sections are devoted to the proof of the following theorem.

Theorem 4.1. Let k be a measurable cardinal, U a normal measure on k, and
€ < Kk an indecomposable ordinal. Then, there is a forcing extension in which
K =wi and

(i) there exists a tail club guessing sequence = (Cs16 € S) of order type €

—

on a stationary subset S of wy N Lim such that TCG(C) is precipitous.

Moreover, if the ground model satisfies V. = L[U], then the following hold in the
extension:

(i) NS, is nowhere precipitous, and

(iii) for every weakly tight tail club guessing sequence C' = (Cj5|d € S") of order

—

type <e on a stationary subset S" of wy NLim, TCG(C") is not precipitous.

In this section, we shall construct the model that witnesses this theorem and also
prove (i). Our strategy is similar to the one in [6]. Namely, we begin with a model
with a measurable cardinal x and collapse it to w; by using Levy collapse to make
a normal precipitous ideal on w;. Then, we shall modify it into a tail club guessing
ideal while preserving its precipitousness. The major differences are as follows.
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e After collapsing x to wy, we generically add a weakly tight tail club guessing
sequence C = (C5 |8 € S) of order type e. The fact that C is added
generically at this point helps us go through the following arguments.

e We shall use the countable support iteration framework. This is a superficial
difference because we shall define a dense subset D, ¢ of the iteration @,
that has a similar structure as in [6].

e Instead of shooting clubs in [6], we shall use the standard forcing to shoot a
TCG(C)-measure one set, defined in 2.13. Since this type of forcing notion
is proper, we can use the general lemmas about the countable support
iteration of proper forcing notions.

e Suppose that TCG(C) is precipitous in V[G][H], U is P(w:1)/ TCG(C)-
generic over VI[G|[H], and j : V[G][H] — N C V[G][H][U] is an induced
generic elementary embedding. Then, by Lemma 2.21, j(C),,, is fast club
over V[G][H]. The construction is designed to make this happen.

Let k be a measurable cardinal and € < k an indecomposable ordinal. Without
loss of generality, we may assume 2% = k*. We shall construct a forcing extension
in which there exists a precipitous tail club guessing sequence on w; of order type
€ whose associated ideal is precipitous.

Let U be a normal measure on «, and j : V. — M the elementary embedding
induced by U. Let P = Coll(w, <k). Let G be P-generic over V and G j(P)-generic

over V extending G. It is well known that j can be extended to jy : V[G] = M[G]

by letting jo(2%) = j(x)G for every P-name . Let jo be a j(P)/G-name for
jo. Work in V[G]. Note w; = & in this model. Define an ideal Iy on & by:
X € Iy if and only if 1;p)/q IF ‘K & Jo(X). Tt is also well-known that if we define
7o : P(w1)/Io — B(j(P)/G) by mo(X) = [k € jo(X)], then 7y is a dense embedding
and hence j(P)/G ~ P(k)/Iy. Note (M[G])* N V]G] C M[G].

In V[G], we shall define a countable support iteration <QQ7 Rg ‘ a<ws,f< wz>

by induction so that for every a < ws, @, forces that \Ra| = R, and R, is <e-proper
and totally proper.
During the inductive construction, we shall also define for each a < ws,

e a (Q,-name Xa for a subset of wy,
e a (Q,-name I, for a normal ideal on wy, and
e a dense subset D, ¢ of Q, for each ¢ < w;.

—

Ry is the forcing notion to add a weakly tight tail club guessing sequence C'
of order type €. For every a € [l,ws), @, forces that R, is either the trivial
forcing notion or equal to P(C’H7 K\ Xa) Let D, be the Qq+1-name for the club
subset added by R, when R, is forced to be P(C_;7 AN Xa). We can show that for
every o < wy and ¢ < wi, |Dg,¢| = V1. By Lemma 2.14, it follows that for every
B < a < wq and Qg-generic filter Hg over V[G], Q./Hp is <e-proper. In addition,
we will show that @, is totally proper. Since 2% = x in V, we can show 2% = X,
in V[G]. So, there exists a bookkeeping <Xa
extension of V[G] by Q.+ so that every subset appears unboundedly many times.
Since CH holds in V[G], we can pick a bijection 7 : w; — [w1]¥0. Since Q,, is totally
proper for every o < wo, T remains a bijection from w; onto [w1]¥° in the extension
of V[G] by Qu. Let D be the set of all limit ordinals v < w; such that there exists

a < w2> of all subsets of w; in the
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an unbounded subset C' of v that is 7-weakly tight and otp(C) = e. By Fact 2.8,
D contains a club subset of w;.

At the zeroth stage, let Ry be the forcing to add a weakly tight tail club guessing
sequence of order type ¢, defined in Definition 2.9, by using 7. If Hy is Ry-generic
over V[G], for every § € D, let Cs = r(d) for some (all) r € Hy with § € dom(r).
Define C' = <C’5 | 0 € D>. It is easy to see that Cisa weakly tight tail club guessing

sequence of order type € on wy in V[G][Ho]. It automatically defines Q. Let C be
a Q1-name of C. Tt is easy to observe that |Q1] = |Ro| = N;.

Lemma 4.2. Work in V[G]. Let G be a j(P)-generic filter over V extending G.
Then, for every q € Q, there exists a Q1-generic filter Hy € M[G’] over V[G] with
q € Hi.

Proof. Note P(R)VIE = P(R;)MIE] and [P(R;)MIC)]| =Ry in M[G]. So, in V]G],

we have |P(Q1)VI!| = Ry. Thus, we can easily generate a generic sequence begin-
ning with ¢ to build a Qi-generic filter H; over V[G]. Since (M[G])** NV[G] C
MIG], we have H; € M[G]. O

We shall keep using Qq-generic filters that are generated in V[G] as in the
previous lemma. To distinguish such filters from the generic filter obtained by
forcing, we shall add primes such as H!, or H/.

Lemma 4.3. Work in V|G]. Let G be a j(P)-generic filter over V extending G.
Let H| € M[G] a Q- -generic filter over V[G]. Define my € jo(Q1) by m1(0) =
U{q(0) | g€ H]}. Let Hy be a jo(Q1)-generic filter over V[G] with my € Hj.
Define ji : VIG|[H{] — M[G)[EL] by ji (2G*5) = (jo(@))*7s. Then,
(Z) j0_1H1 = Hl; and

(i) j1 is an elementary embedding.
Proof. Notice that jo [ Q1 is an identity. So, m is clearly a lower bound of jo“Hj.
ThU.S, jo_lf:[l = H{

Let ¢ be a formula and xg, z1, . .., z,—1 € V[G][H]] such that ¢(xg,1,...,Tpn_1)
holds in V[G][H;]. Let &; be a Q1-name for x; for each i < n. Then, there exists
g € Q1 such that ¢ lFq, w(&o,21,...,En—1). Since jo is an elementary embedding,

qlFq, w(Zo, 21, Tn-1) = J1(0) IFjo(@.) ¢(Jo(F0), jo(Z1), - - -, Jo(Fn-1))

Since m; € Hy, we have jo“H} C Hy. In particular, j,(¢) € Hy. So, in M[G][H,],
we have

o ((Go(d0)) 1, (Jo(#1))* ™, (o (dn—r
By the definition of ji, this is equivalent to p(j1(x0), j1(x1), -, j1(Tn=1))- d

)Gy

Lemma 4.4. Work in V[G]. Let G be a j(P)-generic filter over V extending G and
Hy a Q- -generic filter over V[G] lying in M[G’] Then, there exists an unbounded
subset C € MG ] of k such that otp(C) = ¢, C is a T-weakly tight fast club subset
of k over V[G|[H1].

Proof. We have P ()" [GIH1] = P () MG ang |P(k) MG | = Ry in M[G]. So,
we can enumerate all club subsets of x lying in V[G][H}] as (E, |n < w) in M[G].
Now, it is easy to build a C' witnessing the claim. (]
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Suppose that we have defined Q,, for some a € [1,57). Let H, be Q,-generic
over V[G]. Since @, has a dense subset of size 8; and (M[G])“* N V[G] C M|[G],
every @Q,-name for a subset of w; has an equivalent name lying in M[G].

We say that ¢ € Q. is a flat condition of height ¢ if and only if for every
B € [1,a) Nsupp(q), q | B decides ¢(B) and either ¢(8) = @ or max(q(8)) = (.
When ¢ is a flat condition, let ht(q) denote the height of g. For each ¢ < k, let Dy ¢
be the set of all flat conditions in @, of height >(. It is easy to see that |D, ¢| = k.

If ¢ € Q. is a flat condition, then by definition for every 5 < supp(q), ¢ [ 8
decides ¢(B). So, we identify ¢(3) and its decided value by ¢ [ 3.

By using Lemma 2.18, we can easily show the following lemma.

Lemma 4.5.

(i) Qa is totally proper, and
(i) for every ¢ < K, Da,c is dense in Q.

Proof. For (i), @1 is countably closed and hence totally proper. Notice that for
every 8 € [1, ), Rg is forced by @ to be either the trivial forcing notion or the
forcing notion of the form P(é, Xﬂ) where X,g is a Qg-name for a subset of w;. By
Lemma 2.18, @)1 forces that Ql,a is totally proper. Therefore, @, is totally proper.

(ii) can be easily proved by using Lemma 2.18. O

Since Dg o is dense in Q,, we shall identify @, with D, ¢ from now on.

Lemma 4.6. Let G be j(P)-generic over V extending G. Let f < o < wo, Hg €

VIG] a Qg-generic filter over V[G], and C € V|G] a T-weakly tight fast club subset
of k over V[G][Hg| of order type €. Then, for every q € Qo with q | B € Hg, there

exists a Qq-generic filter H, over V|G| such that H, € M[G], Hg = H, N Qg,
q € Hy, and C is a fast club subset of k over V|G]|[H,].

Proof. Tn V[G], |P(Qa)VI€| = Rg. So, we can pick an enumeration (&, |n < w) €

V[G] of all dense open subset of Q/Hpg lying in V[G][Hg]. Since in V[G], Q forces
that 2° = kt = (kT)VIE and V[G] satisfies |(x+)VIF]|MIC] = Ry, there exists an

enumeration <Dn n < w) of all Q,/Hg-names for a club subset of x.

Work in V[G]. Let 0 be a sufficiently large regular cardinal. We shall construct
a sequence (N, ¢|n <w and £ <wq) so that for every n < w, (Np¢|& <wi) €
VIG][Hs|. In V[G][Hpg], pick a tower (Ng¢|& < wi) of countable elementary sub-
models of H(6)VICIH5] with Qa/Hp, q, 0, Dy € No,o. Suppose that we have defined
(Nne 1€ <wi). In V[G][Hpg], pick a tower (N, 41,¢ | £ < wi) of countable elementary
submodels of H(@)M[G][Hﬁ] such that 5n+1,Dn+1 € Npt1,0 and for every € < wy,
Npge € Npjie. For each n < w, define B, = {§ <wi | NpeNwi =&}, Then, E,
is a club subset of wy lying in M[G][Hgs]. By assumption, C C* E,,. Let ¢, € E,, be
so that C'\ ¢, C E,. Without loss of generality, we may assume that ({, |n < w)
is increasing.

Keep working in V[G]. We shall build a decreasing sequence (g, |n < w) in
Qo /Hpg as follows. Let gy = g. Suppose that we have defined ¢, so that ¢, € N, ¢,,.
Since otp(C) = €, CN[Cn, Cr+1) has order type <e. Since Q,/Hg is <e-proper, there
exists a ¢n41 < g such that ¢,41 € & N Ny, ., and for every v € C'N [(n, Cug1),
Gn+1 18 (Nn,y, Qa/Hpg)-generic. Notice that gn41 € N,y € Nny1,¢,,,- Define
Hg o, be the filter generated by { ¢, | n < w }. Let H, be defined by ¢’ € H,, if and
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only if ¢ | B € Hg and ¢ | [3,0)" %) ¢ Hy . Since M[G]N NV[G] € MG,

we have H, € M[G]. It is easy to see that H, satisfies the desired conditions. [

By using the previous lemma with Lemma 4.4, we can observe that there exist
a Qq-generic filter H, € M[G] over V[G] and a 7-weakly tight fast club subset of
wy over V[G][H,] of order type €.

Note that since |Qq| = R1, P(Qa) V¢ = P(Qn)MIE so for every H!, C Q,, H,,
is Qq-generic over V[G] if and only if H!, is Q,-generic over M|[G]. Moreover, if
H! is a Qq-generic over V[G], we have P(w;) VG = P(w) )MICIHL 5o for every
C C wy, C is a fast club subset of wy over V[G][H]] if and only if C' is a fast club
subset of wy over M[G][H,]. So, we can correctly describe these two properties in
MI[G).

Let G be a j(P)-generic filter over V extending G. Work in M[G]. Let H/, €
MG be a Qq-generic filter over V|G, Hy = H, N Qg for all B < a, and C" a
T-weakly tight fast club subset of x over V[G][H]] of order type €. Define m,, =
ml,(H!,C") by for every § < j(«),

U{a(0)lge HI}U{(s,C)} ifB=0

! (8) = %) if B¢ j%
e if = j(B) and (X3)"7 & (I5)""5
(Dp)" U {r) if = j(B) and (X5)" € (I)"

Let m], be a j(P)-name for m,,.

Later in Lemma 4.7, we will show that m/ (H.,C’) € jo(Q.), and for every
§0(Qa)-generic filter H, with m/ (H.,C") € H, we have jo 'H, = H/,. Define
ja : V[G][H.] = M[G][Ha) by for all Qu-name &, jo(2) = (jo(d))%*H=. Then, jo
is an elementary embedding. Let j, be the jo(Q4)-name for j,.

Work in V[G][H,]. Define I, by: X € I, if and only if whenever X is a Q,-name
for X lying in V[G], there exist p € G and ¢ € H, such that j(p) forces in j(P)
that for all Q,-generic filters H), over V[G] with g € H ! and all 7-weakly tight fast
club subset C of & over V[G][H/] of order type e, ml, (H,C) Fjo(@u) K & Ja(X')
where X/ = XHa,

We shall show that the definition of I,, does not depend on the choice of X. Work
in V[G]. Suppose that X; and X, are both Q-names for X. Then, there exists
qo € H, such that ¢y I+ X; = X5. Suppose that there exist p € G and ¢; € H,

such that j(p) forces in j(P) that for all Q,-generic filters H! over V|[G] with

q1 € H], and all 7-weakly tight fast club subset C’ of k over V[G][H,] of order type
g, my,(H,, C") IFj0Qu) K ¢ jo(X') where X' = Xfl‘/*. Let g2 € H, be the common
extension of gy and ¢;. We shall show that p and ¢ witnesses XQH e, LetG
be a j(P)-generic filter over V with j(p) € G and work in V[G]. Let G = G N P.
Let H! be a Q,-generic filter over V[G'] with ¢2 € H/, and C a 7-weakly tight
fast club subset of x over V[G'][H.] of order type . Notice that since g2 < ¢y,
we have ¢, € H/,. Since j(p) € G, we have m/,(H!,,C") Fjo(@u) K & Ja(X') where
X' = XlH‘;. Since g2 < qo, we have qo € H.,. So, X' = XQH‘;. Thus, X € I, is
witnessed by X, also.

If X, & I, then let R, = { @}, i.e. the trivial forcing notion. If X, € I, then

let R, = P(é, k\ Xa). This completes the definition of <Qa, R@ ‘ a<wy,fB< w2>
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and <fa
of k added by Ry, if R, is non-trivial. X
Now, we shall prove that m,, € jo(Q4) in V[G].

a < UJ2>. For each v € [1,w2), let D, bea Qo+1-name for the club subset

Lemma 4.7. The following hold in V|[G]. Suppose that G is a j(P)-generic filter
over V. extending G and work in V[G]. Let H, € M[G] be a Qu-generic filter
over V[G], and C' € V[G] be a T-weakly tight fast club subset of k over V[G][H']
of order type €. Then, m!, = m.(H.,C") € jo(Qa) and for every jo(Qq)-generic

filter Hy, over M[G), j1(C),. = C' and jo~*Hy = H/, if and only if m/, € H,.

Proof. Go by induction on . When a = 1, it is clear from Lemma 4.3. Suppose
that o > 1 and the conclusion holds for every g < a.

Let G, H',, and C’ be as in the assumption. Consider m/, = m/, (H/,,C"). For
each 8 < a, let H,g =H! NQg.

Claim 4.7.1. m., € jo(Qa)-

Proof. We have supp(m.,) C j“a, which is countable in M[G]. By induction on
B < j(a), we shall show that m/, | 5 € jo(Q)s. When =0 or 8 =1, it is trivial.
If 8 < j(a) is a limit ordinal and for every v < 8, m,, [ v € jo(Q)~, since supp(m.,)
is countable, we have m/, | 8 € jo(Q)g.

Suppose that m,, | 8 € jo(Q)s. We shall show m/, [ (8+1) € jo(Q)s+1. If
B & j“a, then since B ¢ supp(m,,), trivially we have m/, | (84 1) € j0(Q)p+1-
Suppose 3 € j“a and let B < « be so that 8 = j(B3). If (XB)H;? ¢ (fB)H;?, then
there exists ¢ € Hé such that ¢ IF XB ¢ jg. Since m/, | j0(B) < jo(q), we have

m!, | BIF jo(R)g is trivial and hence m/, | (8 +1) € 50(Q)p11-
Suppose (XB)H;* € (fB)HB. So, there exists p € G and ¢ € Hé such that j(p)

forces that for all ()z-generic filters H g over V[G] with ¢ € H g and all 7-weakly

tight fast club subset C" of x over V[(] [Hg] of order type ¢, mI’B(Hé’, C") IFjo@p)
k & ja(X). Since G C G, we have j(p) = p € G. In V[G], Hé is @ g-generic filter
over V|G| and ¢ € Hé By definition, C” is a T-weakly tight fast club subset of x
over V[G] [Hé] of order type e. By the definition, we have m/, | 8 = m. (H.,C") |

B = mp(H, N Qg C"). Thus, m,, | BlFjyq, & & jz(X). So, mly, [ B IFy@p)
mi(8) = (Dp)"5 U{r} € P(C,j(r)\ j5(X)) = jo(Rs) = jo(R)s. So, mi, |
(B+1) € jo(Q)pt1- O

It is easy to see the remainder. ([
Lemma 4.8. In V[G], Q. forces that I, is non-trivial.

Proof. Suppose that there exists p € G and g € @, such that ¢q IF'x € 1. Let G be
j(P)-generic over V extending G. Then, by Lemma 4.2, there exists a QQ1-generic
filter H] with ¢ [ 1 € H{. By Lemma 4.4, there exists a 7-weakly tight fast club

subset C’ of k over V[G][H;] of order type € with C' € M[G]. By Lemma 4.6, there
exists a Q,-generic filter over V|G| such that H!, € M[G], H, N Q. = H}, q € H.,,
and C’ is a fast club subset of x over V[G][H]].

Let m], = m/ (H.,C"). Let H, be a jo(Qq)-generic filter over V[G] with m/, €

H,. Since q I-x € I, we have k ¢ Ja(x). This is a contradiction. a
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Let Q = Q.,. We shall show that in V[G], @ forces that TCG(C_”) is precipitous.
In [6], interpreted in our terminology, they build a subposet Q* of jo(Q) such that
if H* is a Q*-generic filter over V[G], then H* is jo(Q)-generic over M[G] and
jo "H* is a Q-generic filter over V[G]. We shall use a different strategy, which is
longer, but more intuitive and informative.

First, we shall prove some properties of I, in V[G][H,].

Lemma 4.9. Let o < wy and H, be Q,-generic over V[G]. Then, in V[G][H,],
TéG(é) C I,,, and hence C is a tail club guessing sequence on w;.

Proof. Suppose that there exists a club subset D of k such that X := {6 € D |C5 ¢* D} ¢
I.,. Let p € G and ¢ € H, force this statement. Let D and X be P % Qq-name for
D and X.

Since X ¢ I, j(p) does not force that for all Q,-generic filter H/ over V[G]
with ¢ € H], and all 7-weakly tight fast club subset C’ of k over V[G][H)] of
order type &, ml(HL,,C") Ik 0.y £ € jo(X') where X' = XHa. So, there exists
a p < j(p) that forces there exist a Qu-generic filter H), over V[G] with ¢ € H,
and a T—Weakly tight fast club subset C” of k over V[G][H!] of order type € such
that m, (H.,C") HAJU(QQ) k & jo(X'). Let G be j(P)-generic over V such that

p € G and work in V[G]. Let H/, be a Q4-generic filter over V[G] with ¢ € H!,
and C" a T-weakly tight fast club subset of k over V[G][H]) of order type € so that
mly (H., C') Kjo@uy & € Ja(X'). Let D' = DHa.

On the other hand, since C’ is a fast club subset of x over V[G|[H]], we
have C' C* D’. Notice m/,(H],,C) IFj q.) j1(C)x = C'" A jo(D') Nk = D',
So, m!,(H!,C) “_70(Qa) 71(C)x C ju(D). Since j(p) € G and ml (H,,C") <
do(a), we have my,(Hy, €') IFjy(qq) Ja(X) = {0 € jo(D) | j1(C)s €" Ja(D") }. So,

mey,(HY,,C") IFj@u) K ¢ Ja(X ) This is a contradiction. d

Let G be a j(P)-generic filter over V extending G' and work in M[G]. For every
a < ws, let my € B(jo(Qq)) be the least upper bound of the set of all m/, (H.,C")
such that H/ is a Q,-generic filter over V[G] and C’ is a 7-weakly tight fast club
over V[G][H/,] of order type e. Since P(Q4)V!¢! and P(x)V (] belong to M[G], mq
is definable in M[G]. Let 1, be a j(P)/G-name for m,.

Lemma 4.10. Let G be a j(P)-generic filter over V extending G, and let H, be
a jo(Qa)-generic filter over M[G) with my € H,. Let H!, = jo 1H Then, H.,
is a Qq-generic filter over V[G]. In particular, we can deﬁne Jo : VIG][H,] —
M[G][Hq].

Proof. Let G, f[a, and H/, be as in the assumption. Since m, € Ha, there exist a
Qq-generic filter H! over V|G| and a 7-weakly tight fast club subset C” of x over
VI[G][H!] of order type e such that m/ (H”,C") € H,. By Lemma 4.7, we have
jo tH, = H". So, H', = H". Thus, H, is a Q,-generic filter over V[G]. O

In V[G], for each a < x*, we shall define a function 7, : Q4 * (’P(wl)/ja) —
B(((P)/G)* (jo(Qa)/1a))- For every (¢, X ) € Qux (P(w1)/fa), let ma ({9, X))

be the least upper bound of the set of all <p,q> € (j(P)/G) * (jo(Qa)/1i1a) such
that p forces in j(P)/G that there exist a Q,-generic filter H) over V[G] and a
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T-weakly tight fast club subset C” of x over V[G][H],] of order type ¢ such that
q € H., ¢<ml(H, C"),and I q.) & € ja(X o).

Lemma 4.11. In V[G], for every a < kT, m, is a dense embedding. In particular,
Qa * (P(w1)/1a) = (§(P)/G) * (jo(Qa) /1)

Proof. Tt is easy to see that 7, is order-preserving. To see that 7, preserves incom-
patibility, let <q1, X1> and <q2,X2> be incompatible elements in Qq * (P(k)/I).
It follows that whenever ¢ is a common extension of ¢; and gz, g I+ ‘Xl N Xz S fa’.

Suppose that m, (<q1,X1>) and 7, (<q2,X2>> are compatible in B((j(P)/G) *
(jO(Qa)/ma))'
Let GxH,, be a (j(P)/G)*(jo(Qq) /M )-generic filter over V[G] with 7, <<q1, X1>) , Ta (<q2, X2>) €
G+ H,. Fori=1,2, since g <<qi, Xz>) € GxH,, in V[CA?}, there exist a Q,-generic
filter H; , over V[G] and a 7-weakly tight fast club subset C} of x over V[G][H] ,]

of order type e such that ¢; € H;,, m,(H;,,C]) € H,, and in M[G][H,)],

b
K € ja(XiH“’). By Lemma 4.7, since m, € H,, we have Hi,=H;, = jo Y H,
and O] = C3 = j1(C)s. So, let H, = Hj , and C' = (. For each i = 1,2, let
X; = (X;)Ma. So, in M[G][Ha), £ € jo(X1 N X2).

Since q IF X1NXs € Io, ma(H],, C") IFji(Qu) & & Ja(X1NX2). Since my, (H,,,C’) €
H,, we have x & jo (X1 N X5). This is a contradiction. O

Lemma 4.12. Let o < k. In VG|, let H, be Q,-generic over V[G]. Then, in
VI[G][Ha], I is precipitous.

Proof. Work in V[G]. Suppose that Q, dpes not forces that I, is precipitous.
Then, there exist ¢g € Q, and a Q,-name Yy for an element of P(k)/I, such that
<q07 Y0> IH(V[G][Hy,))" /U, is not well-founded’. Here Uy, is a Qq % (P(k)/Is)-name
for a P(k)/I.-generic filter over V[G][H,]. Let GxH, be a (5(P)/G)*(jo(Qa) /e )-
filter over V[G] with 7, (<q0,YO>) e GxH,. Let H, xU, = Wa_l(é * ﬁa) Since
T is a dense embedding, Ho *Uq is @ Qq * (P(k)/I,)-generic filter over V[G]. Since

Mme € Hy, there exist a Qu-generic filter H! over V|G| and a 7-weakly tight fast
club subset C' of x over V[G|[H]] such that m/ (H.,C") € H,. So, j1(C), = C’

and jo ' H, = H.,.
Claim 4.12.1. H, = H).

Proof. First, we shall show jo“H, C H,. Let ¢ € H,. Then, mo((q,5)) € G x Hy.
So, there exist a Q,-generic filter H!, over V[G] and a 7-weakly tight fast club

subset C’ of r over V[G][H!] such that ¢ € H!,, m! (H!,,C") € H,, and in V[G][H,],
K € jo(YHa). But by the definition, since ¢ € H',, we have m/ (H',,C") < jo(q).
SO? ]0((]) GH(I R

Since jo is injective, it implies H, = jo 'H, = H',. O
Claim 4.12.2. For every Y € U,, & € jo(Y).

Proof. Let Y be a Qq-name for Y. Then, 7o (<]lQa,Y>) € G * H,. So, there
exist a Qu-generic filter H over V[G] and a 7-weakly tight fast club subset C”
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of k over V[G][H!] of order type & such that m/ (H",C") € H, and in V[G][H,],
K € jo (V<) By Lemma 4.7, HY = jo ' Hy = H,. So, k € jo (Vo) = jo (V). O

Since <q0, Y0> € Hy, % Uy, (V[G][Ha])" /U, is not well-founded.

Let Uy = U, NV[G]. As in [6], we can show that (V[G])"/Us ~ M|G] and jo
coincides with the generic elementary embedding induced by Uy.

Define a function oo : (V[G][Ha])"/Us — M|G][H,] as follows. Let f : x —
VI[G][Ha] be a function lying in V[G|[Ha]. Let oo([flu,) = jo(f)(x). First,
we shall show that o, is well-defined. Suppose that [f]ly, = [g]u,. Let ¥ =
{&€<k| f(§) =g(&)} Then, since Y € U,, we have k € jo(Y). So, jo(f)(k) =
Ja(g9)(k) and hence o4 ([flv.) = 0a([glu,). By a similar argument, we can show
that [f]u, €v, [glu., if and only if oa([f]u,) € oa(lglu.)-

To see that o, is onto, let © € M[G][H,]. Then, there exists a jo(Qqa)-name
i € M|G] such that z = &=, Since (V[G])*/Uy ~ M[G], there exists a function
f & = V]G] lying in V]G] such that for every £ < &, f(§) is a Q,-name and

Jo(f)(k) = d. Define a function g : Ko VIG][Ha] by 9(€) = f(€)*. Then,
0a([g]v.) = Ja(9) (k) = jo(f) (k)" = &He =z

Therefore, o4 : (V[G][Ha)])®/Us — M|G][H,] is an isomorphism. Since M[G][H,]
is well-founded, so is (V[G][H4])"/U,. This is a contradiction. O

Now, we shall show that for all < o < wa, Qg*(P(k)/I5) is regularly embedded
into Qq * (P(r)/Ia)

Lemma 4.13. In V[G], for every B < a < kT, j(P)/G forces that mg = g |
7(B).

Proof. Let G be j(P)-generic over V extending G and work in V[G].

First, We shall show that m, | j(8) < mg. Suppose not, i.e. mq [ j(3) £ mg.
Let g € jo(Qg) be so that ¢ < my [ j(8) and ¢ is incompatible with mg. By the
definition of m,,, there exist a Q,-generic filter H), over V[G] and a 7-weakly tight
fast club subset C’ of k over V[G] of order type e such that ¢ is compatible with
mL (H,,C") | j(8). Let ¢’ be a common extension of ¢ and m, (H.,C") | j(B).
Notice that my, (H/,,C") [ j(8) = mjz(H, N Qp,C’') < mg. So, ¢ < mg. This is a
contradiction.

Conversely, we shall show that mg < mq [ j(8). Suppose not, i.e. mg % mq |
J(B). Let ¢ € jo(Qp) be so that ¢ < mg and ¢ is incompatible with m, [ j(8). By
the definition of mg, there exists a (g-generic filter Hj over V[G] and a 7-weakly
tight fast club subset C’ of k over V[G] of order type e such that ¢ is compatible with
mjs(Hp, C'). Let ¢ be a common extension of ¢ and m’ﬁ(Hé, C"). By Lemma 4.6,
there exists a Qq-generic filter H!, over V[G] such that H!, € M[G], Hj = H,NQg,
and C” is a fast club subset of x over V[G][H,]. Then, mj(Hj,C") = mg,(H],,C") |
J(B). Thus, ¢ < ml(HL,C") | j(8) < mg | j(B). This is a contradiction to the
assumption that ¢ is incompatible with m,, [ j(5). (I

Suppose that G is j(P)-generic over V extending G and H, is Jo(Qq)-generic over
M[G] with ma € H,. For every 8 < «, define fI@ = ffaﬂjo(Qg) and Hg = jo_lffg.
Since mg = mq, | 5(8) € Hp, we can define j : V[G][Hz] — M[G][Hp] as we do for
Ja- It is easy to see that js is an elementary embedding and jg = jo | V[G][Hpg].
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Lemma 4.14. Let 8 < o < k™. Suppose that H, is Qu-generic over V[G]. Then,
in VIG)[Ha)], Ip = I, NVI[G][Hay N Qg).

Proof. Let Hg = H, N Qg.

Let X € Ig. Let X be a Qs-name for X. Since X € Ig, there exists p € G
and ¢ € Hg such that j(p) forces that for all Q)g-generic filters H é over V[G]
with ¢ € H é and all T-weakly tight fast club subsets C’" of k over V[G][H ;5] of
order type e, mj(Hp, C') IFjoqq) K & js(X') where X’ = X5, To show that
X € I, N V[G][Hg], suppose otherwise. Then, there exists p’ € G and ¢’ € H,
such that (p’,¢’) IF X ¢ I,,. Without loss of generality, we may assume p’ < p and
¢ < g. So, there exists p < j(p’) that forces that there exist a Q,-generic filter H),
over V[G] with ¢’ € H!, and a 7-weakly tight fast club subset C’ of k over V[G][H]]
of order type e such that g, (Hp,, C") ¥ ) £ @ jo(X') where X' = XHaNQs,

Let G be a j(P)-generic filter over V|[G] extending G with p € G. So, in V]G],
there exist a Q,-generic filter H!, over V[G] with ¢’ € H/, and a 7-weakly tight fast
club subset C’ of k over V[G][H],] of order type e such that m;,(H/,, C") ¥ 0.) k &
ja(X') where X' = XHaNQs Let Hjy = H/, N Qg. We have m);(Hj, C") Iy (0,
k & jp(X'). Since ml(H.,C") | j(B) = m/B(H;j,C’) and m., (H.,C") IF jo |
VIG][HL] = jg, we have m/, (H,,C") IFj,(@.) £ & ja(X'). This is a contradiction.

Now, we shall show that Io N V[G][Hs N Qp] € Is. Suppose otherwise. Let
X € (Ia NVI[G][Ha N Qgl) \ I and X a Qp-name for X. Then, there exists
¢1 € Hy N Qg such that ¢; I- X ¢ IB Since X € I, there exists pg € G and
qo € Hy, such that j(po) forces that for all Q,-generic filters H’, over V[G] with
qo € H!, and for all 7-weakly tight fast club subset C' of x over V[G] of order type

g, (HY, C) IFjo0u) K & Ja(X') where X’ = XH=N@s  Without loss of generality,
we may assume qo | 8 < ¢1. Work in V[G]. Let G be a j(P)-generic filter over V/
extending G. Then, j(po) = po € G. Let Hj € M[é’] be a )g-generic filter over
VI[G] with qo [ B € Hj and C" a 7-weakly tight fast club subset of x over V[G] of
order type e. By Lemma 4.6, there exists a Q,-generic filter H!, over V[G] such that
H!, € M[G), Hj = H,NQgs, q € H, and C" is a fast club subset of x over V[G]|[H,,].
So, m;(H(’X,C”).H—jO(QQ) ﬁ.gé Ja(X'). Since my(Hp, C') = m’a(H(’X,C”). I 7(B) and
m. (H.,C") IF‘ja(X’) = Jp(X'), we have mj(Hp, C") IFj5 Q) K §Z. jg(X’). So,

o | BIF X" € Ig. This is a contradiction since go | 8 < ¢1 and ¢1 IF X & I5.
(Il

Let B < o < wq. Since Qg = Qn | B, every element of g can be regarded
as an element of Q,. Let X be a (s-name for an element of P(wl)/fﬁ. Namely,
1g, IF X Cwu AX ¢ jg. Then, X can be regarded as a @Q,-name. Moreover,
by Lemma 4.14, 1, IF X ¢ I,. Thus, X can be regarded as a Q,-name for an
element of P(w;)/I,. So, we have Qs * (P(w1)/15) C Qo * (P(w1)/Ia).

Lemma 4.15. In V[G], for every < a < wy, Qp * (P(w1)/I3) is regularly
embedded into Qo * (P(w1)/1s) by the inclusion map.
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Proof. It is easy to observe that for every <q, X> € Qp*(P(w1)/Is), 75 (<q, X>) =
Mo (<q, e >> So, the following diagram commutes.

Qp * (P(w1)/I5) —— (j(P)/G) * (jo(Qp)/ms)

incll incll
Qo * (P(w1)/1a) == (i(P)/G) * (jo(Qa)/rh0)

Therefore, the conclusion holds. [l

When H is a Q-generic filter over V]G], let I = | I,. Let I be the Q-name
for I.

Lemma 4.16. In V[G], Q(P(w)/I) is the direct limit 0f<Qa * (P(w1)/Ia)

a<wsz

oz<wz>.

Proof. By definition, for every a < ws, Q@ = Q., is a direct limit of (Q, | & < wa).
Let H be a @Q-generic filter over V[G]. Then, by Lemma 4.14, for every o < wy,
I, = INV[G][H N Q,]. By Lemma 4.15, Q * (P(wy)/I) is the direct limit of

(Qu (P1)/la)| o < w2). o

Lemma 4.17. Let H be a Q-generic filter over V[G]. Then, in V[G][H|, I =
TCG(C).

Proof. By Lemma 4.9, TéG(C_”) CI. Toshow I C TCUJG(C_"), let X € I. Then, there
exists a < we such that X = X,. Since X € I, by Lemma 4.14, we have X, € I,,.
So, Ry = P(C,k\ X4). Thus, k\ X4 € TCG(C), and hence X, € TCG( 0. O

Lemma 4.18. Let G H be P % Q-generic over V. Then, in V[G][H], TCG(C) is
precipitous.

Proof. Work in V[G]. By Lemma 4.17, @ forces that TéG(é) = I. We shall show
that @ forces that I is precipitous. Suppose not. Then, there exist ¢y € @ and a Q-

name Y; for an element of P(w;)/I such that <q0, Y0> IF gy iy (VIG] [H))« /U
is not well-founded’. Here, U is a Q % (P(w1)/I)-name for a P(w;)/I-generic filter
over V[G][H]. Then, there exists a sequence <fn |n < w> of Q*(P(k)/I)-names for

functions from wy into ON such that <qo, Y0> IFfor all n < w, [fuiily <g [falg -

Without loss of generality, we may assume that there exists a < wy such that
g0 € Qa; Yo is a Qu-name, and for each n < w, f, is Qq-name. By Lemma
4.16, Qu * (P(w1)/I,) is regularly embedded into @ * P(w;1)/I. So, it means that

<q07YO> H_Qa*(P(m)/I'a)‘for all n < w, [f”H]Ua <g, [falp.’- It implies that qo

forces that I, is not precipitous. This is a contradiction to Lemma 4.12.
O

5. NO RESTRICTION OF NS, Is PRECIPITOUS IN V[G][H]

In this section and the next one, suppose P, Q, Q., R, <C’5 | € D>, I, and I,
are in the previous section.

For every o < kt and ¢ < k, let Da,( be a P-name for D, ¢. Define D., be the
set of all sets of the form (p,§) such that p € P, pIF ¢ € 2.)(170, and p decides q.
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If p € Coll(w, < ¢) and p IF ht(¢) = ¢ , we say that (p,¢) has height ¢ and write
ht((p,4)) = ¢. Clearly, D, is dense in P % Qq. It is easy to see that D, € H (k)"
and hence D, € M.

Similarly, let @ < 3 < k*. Let Gp_ be Dy-generic over V. In V[Gp_], define
Dap = {(d 1 [08)%% | (p,d) € Dy}. When ht((p,d)) = ¢, we say that (3 |
[, 8))¢Pa = ¢ and write ht((¢ | [o, 8))¢Pa) = (. Let D, 5 be a Dy-name for D, 5.

Clearly, we have Dg is forcing equivalent to Dy, * Dy 5.

Lemma 5.1. Suppose G * H is a P % Q-generic filter. Then, in V[G]|[H], for
every stationary subset S of wy, there exists a stationary subset S’ of S such that
S e TCG(C).

Proof. Work in V[G]. Notice that @ is a countable support iteration of length ws.
So, it adds a Cohen subset of w; unboundedly many times. But it is easy to see that
if S is a stationary subset of w;, after adding a Cohen subset of w;, there exists
a stationary subset S’ of S such that S’ € TéG(é) Therefore, the conclusion
holds. O

Lemma 5.2. Assume V = L[U]. Suppose G x H is a P % Q-generic filter. For
every stationary subset S of w1, NS, [ S is not precipitous in V[G|[H].

Proof. Suppose that S is a P % Q-name for a stationary subset of x, and (pg, go)
forces that NS, | S is precipitous. By Lemma 5.1, without loss of generality, we
may assume that there exists o < k1 such that (po, go) € Do, Sis a Dgy-name, and
<p()7 QQ> I X € I,

Let f be a function in V' with domain x such that for every v < k, f(7) is the set
of all 5 € Dyy that forces (vp,,, (7)) (G@Ml) is not pp_,, (7)-generic over V.

Let §' be a Dy 1-name for a subset of S such that for every 7 < K, (p,q) IF v € S’
if and only if (p,q) € f(7).

Claim 5.2.1. Let G « H be P * Q—generic over V. Let J be a r-complete normal
precipitous ideal on  in V[G][H]. Then, (5")¢*H ¢ J.

Proof. Work in V. Let J be P % Q-name for J. Let (p1,G1) € P Q be so that
(p1,q1) forces that J is a k-complete normal precipitous ideal on k. By way of
contradiction, suppose (p1,q1) - S’ ¢ J.

Let G * H be P % Q-generic over V with (p1,41) € G+ H. Let J = JG+H
and S' = (8)G*H . Let W be P(k)/J-generic over V[G][H] with S’ € W and k :
V|G][H] — M’ the induced generic elementary embedding. By Lemma 3.2, we have
M’ = L[k(U)][k(G)][k(H)]. Then, k(G * H) is k(P * Q)-generic over L[k(U)]. Since
S’ € W, we have r € k(S’). Since 8" = (§)5*H we have k(S") = (k(S"))F(G*H),
Since k € k(S’) = (k(S"))¥(G*H) | there exists § € k(G * H) such that 3 IF x € k(S").
Since S’ is a Dyyi-name, k(S') is a k(Dyi1)-name. So, we may assume that
§ € k(Dyy1). Since § € k(Dy41), there exists a function g : K — D1 lying in
V[G][H] such that [g]w = §.

Let Gp_,, = (GxH)"Dgp1 and G5, ) = (Gr(p,.) " ). Then, Gyp
k(Gp

a+1) =

cx+1)'
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Then,

51k ke k(S

= [glw IF & € k(S

— {y<rlg)Fyes}yew
= {v<rlg)ef(¥)}eW
<~

{v < k| g(v) forces (l/@aJrl(v))_l (Gﬁa+1) is not
PD., ., (7)-generic over V} € W
<= [g]w forces k_lG'k(DQH) is not D4 1-generic over L[k(U)]

<= § forces k_lék(paﬂ) is not D,41-generic over L[k(U)]

Thus, kile(@aH) is not D,y1-generic over L[k(U)]. However, kile(ﬁaH) =
Gp,,,, which is Dy y1-generic over V. By Theorem 3.1, L[k(U)] is an iterated
ultrapower of V = L[U]. Thus, we have L[k(U)] € V. So, k™ 'Gy5.,,) i Day1-
generic over L[k(U)]. This is a contradiction. O

Claim 5.2.2. (pg,qo) € P * Q forces that S’ is stationary.

Proof. Suppose not. Then, there exists (p1,q;1) € P * Q and a P « Q-name D for a
club subset of k such that (p1,¢1) < (po,go) and (p1,¢1) IF S'ND = @. Without
loss of generality, we may assume that for some 8 < &, (p1,41) € D and D is a
@5—name. Without loss of generality, we may assume p; IF « € supp(¢i)-

Let G+ H be P % Q-generic over V with (p1,¢1) € G+ H. Work in V[G][H]. Let
S = §G*H and & = (§')¢*H . By assumption, NS, | S is precipitous. Let W be
P(k)/ NS, | S-generic over V[G][H]| and k : V[G]|[H] — L[k(U)][k(G)][k(H)] the
induced generic elementary embedding. Since S € W, we have x € k(S5).

Let Gp, = (G+ H)N D,. Then, Gp, is Dq-generic over V. By elementarity,
k(Gp,) is k(Dq)-generic over L[k(U)]. Let 1o € Dq be defined by ro = (41 |
[, B)) P

Work in V[Gp_]. Let (N, | v < wi) be a tower of countable elementary submod-
els of H(#)V9?a! for some sufficiently large regular cardinal 8 with ro, D e Ny. For
every v < wq, let 6, = Ny, Nwy. Let E = {4, | v < k}. Clearly, E is a club subset
of k. Let E be a D,-name for E.

Let <J\Aﬁ, | v < j(m)> = k((N, | v < ). Note that for every vy < s, N, = k(N,)

and since N, is countable, k(N,) = k“N,. So, N,, N x = 8. Recall 7y € Ny. So,
ht(?”’o) < 50.

Work in L{k(U)][k(Gp,)]. Since |w|FEMIRGIl = R, there exists an in-
creasing cofinal sequence (k, | n < w) in k. We shall define a decreasing sequence
(rn | m < w) in k(D,,p) and an increasing sequence (i, | n < w) in & so that r, €
]\Afunﬂ. ro is already given and pug = kg. Suppose that we have defined r, so
that r, € N, 1. In particular, ht(r,) < d,, 1. Let pni1 < & be so large that
Png1 > Max { Kpg1, fp } and [0y, 41,0,,.,) NE(C)x # @. Let r, < r, be de-
fined by 7/,(§) = rn(§) U{du, ., +1} for every £ € Ny, 11 Nk'. Then, we have

7l € Ny +1Nk(Da,5). Hence, there exists an r,11 < 7/, such that r,, 11 € Ny, ., 41

and Tn+1 I k(D) n [5#n+1 + 1’5Hn+1+1) # <.
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Define r,, € k(Da,g) by letting supp(r,,) = U, ., supp(rn) and for every & €

supp(r), 7w(€) = Upey, ™€) U{ K }. Tt is easy to see that for every & € supp(ry,),
k(C)s €% rw(€), so we have 1, € k(Da,p5). Notice that for every v < s and
£ e Ny,Nkt, 6y & ry(§). So, 1y, is disjoint from E which is a club subset of &.
Notice that k(F) = ENk.

Let 7, a k(D,)-name for r,,. Then, there exists <p, > € k(Gp, ) such that <}37 cj>
forces that 7, (k(e)) Nk(E) Nk = @ and ht(r,) = . Since (p1,{1) € Gp,, we have
E((p1,d1)) € k(Gp,). So, without loss of generality, we may assume <ﬁ,é> <

k({p1,G1)). Then, there exists a <}3’ (j’> € k(Dg) such that <A’ q [k(a)> €

K(Gp,), (B4 1 k(@) < (,d), and (3,4’ | k(@) I § | [k(a), k(3)) < i Then,
< il A’> - k(Do) NE(E)NK = @. Recall D, is a Dy41-name for a club subset added

at the a-stage of Dy 1.
In V, we shall define £ to be the set of all (p,¢) € Ds such that for some v < &,

(p,gla)lFye En d(a). Tt is easy to see that € is an open dense subset of Dg.
Since £ € (H(x))Y, we have € € L[k(U)).

Let Gy p,) be k(Dg)-generic over L[k(U)] extending k(Gp_) with <ﬁ’,z§’> €
Gr(p,) and work in Lk(U))[Gyp,)]. We shall show that k~'Gyp, is not Dg-
generic over L[k(U)]. Suppose that k~'Gyp,) is Dg-generic over L[k(U)]. Let
G@ﬂ = kile(rDB). -

Since € is an open dense subset of Dg, we have £ N Gp, # . Let (p2,q2) €
&N Gp,. Then, there exists v < x such that (p2,G2 [ @) IF v € ENga(a). Since
(p2,d2) € Gp, = kilG@B, we have k((p2,¢2)) € Gy (p,)- Note k((p2,42 [ a)) Ik~ €
k(E)NE(z2(a)) C k(E)Nk(Da). However, we know < > - K(E)Nk(D)Nk = @

So, k({p2,¢2)) and <]§’7 q”> are incompatible though both belong to Gy, p,). This is
a contradiction. (]

Let G % H be P % Q-generic over V with (pg, o) € G % H. Let S = S&*H and
S = (8')G*H_ Then, by assumption, NS,, | S is precipitous. Thus, by Claim
5.2.1, S € NS, | S. Since S’ C S, S’ is nonstationary. By Claim 5.2.2, S is a
stationary subset of S. This is a contradiction.

(I

6. A TAIL CLUB GUESSING SEQUENCE OF ORDER TYPE <&
We keep using P, Q, Q., Ra, <05 |d € B>, I, and I,.

Lemma 6.1. Assume V = L[U]. Let G« H be P % Q-generic over V. In V|[G][H]
/

there exists no tail club guessing sequence ¢’ of order type <e such that TCG(C_"
18 precipitous.

)
Proof. In V[G][H], suppose that ' = <C¢'s |d € dom(é’)> is a tail club guessing

sequence of order type ¢/ < ¢ on a stationary subset dom(é’ ) of £ N Lim and
TCG(C") is precipitous. Without loss of generality, by Proposition 2.4, we may
assume that €’ is indecomposable. Let D’ be the set of all limit ordinals v < &
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such that there exists an unbounded subset C' of v that is 7-weakly tight and
otp(C) = ¢. Then, D’ contains a club subset of w;. For each v € D'\ dom(C"),
by letting C§ be an arbitrary unbounded subset of «y that is 7-weakly tight and
that has order type &’ without loss of generality, we may assume dom(C_'" )= D"

Let C' be a P x Q-name for ¢’ and C4% a P % Q-name for Cf. Let (po,qo) € G+ H
be so that (pg,go) forces all of these assumptions. Without loss of generality, we

may assume there exists o < k¥ be such that (" is a D,-name, {po, Go) € Dq, and
(o, do) IF Xa € Ia.

Let f be a function in V' with domain k such that for every v < k, f(y) is the
set of all s € D,y 1 that forces if vp.., (1)) Gp,,,) s pp, ., (7)-generic over V,
then C’i{ is not a fast club over V[(V@a+l(7))_1(éﬁa+l)}. Let S be a Dy i-name

for a subset of dom C’ such that for every v < &, (p,¢) IF v € & if and only if
(P q) € f(7)-

Claim 6.1.1. (po, o) IF &’ € TCG(C")

Proof. Work in V. By way of contradiction, suppose otherwise. Then, there exists

Yy

{p1,41) < {po,qo) such that (p1,q¢1) - S’ € TCG( C)*.

Let G * H be P % Q-generic over V with (p1,¢1) € G * H. Let §' = (8")*H.
Let W be P(k)/ TCG(C")-generic over V[G][H] with S’ € W and k : V[G][H] —
M’ the induced generic elementary embedding. By Lemma 3.2, we have M’ =

LIk(U)][k(G)][k(H)]. So, k(G H) is k(P x Q)-generic over L[k(U)]. Since S’ € W,
we have k € k(S') = k(S")HG+H),

Since W is P(k)/ TCG(C")-generic over V[G][H], for every club subset E of
% lying in V[G][H], {§ € dom(C") | C4 C* E} € W. So, k(C"),. C* k(E). Since
kE(E)Nk = E and k(C"), is an unbounded subset of x, we have k(C"),, C* E. Thus,
E(C"), is a fast club over V[G|[H].

Let Gp_ ., = (G * H) N Day1. Then, we have Lk(U)][k(G)][k(H N Qat1)] =
L[k(U)}[kQG@Q+1)]. Let Gk(ﬁa+l) = k’(G@aH). We have k_le(ﬁa+£) = G@O_H,
which is D, y1-generic over V. Since L[k(U)] €V, k~'Gysp,,,) is Dat1-generic
over L[k(U)].

Since k € k(S") = k(S")F(G*H) there exists § € k(G*H) such that § |- x € k(S").
Since S’ is Doy 1-name, k(S’) is a k(Dy1)-name. So, we may assume 3 € k(Dgi1).
Since 8 € k(Dqy1), there exists a function g : K — Day1 lying in V[G][H] such that
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lglw = 5. Then,

sk w € k(S
— [glw IF k€ k(S
—= {y<ulg)Fyes}ew
= {r<ulg)ef(n)}eW
= {v<r|gly) forces if (vp_ (7)) "(Gp,,,) is pp,,, (7)-generic over V,
then C; is not a fast club over V[(V@a+l(7))_1(G@ )N} ew

a+1

!

[glw forces if k_lG‘k,(@aH) is Dy 1-generic over L[k(U)],
then k(C")s is not a fast club over L[k(U)][k_lG‘k(@

a+1)]
<= § forces if kildk(@aﬂ) is Doy 1-generic over L[k(U),

then k(C”); is not a fast club over L[k(U)][k™'Gyp

u+1)]‘

So, in LIk(U)|[E(G)|[K(H)], if k™ 'Gyip,,,) is D1 1-generic over L[k(U)], then
k(C")s is not a fast club over L[k(U)|[k~'Gyp,,,)]- However, we have already
shown that k~'Gyp, ., is Dy 1-generic over L[k(U)] and k(C')s is a fast club
over LIk(U)][k™'Gyp This is a contradiction. O

a+1)]'
Claim 6.1.2. (po,qo) IFp,s S € TCG(C')*.

Proof. Suppose not. Then, there exist (p1,¢1) € P Q and a P x Q-name D for
a club subset of x such that (p1,¢1) < (po,do) and (p1,41) IF Vv € S"’(C; ¢* D).
Without loss of generality, we may assume that there exists 3 < s* such that
B> a, {p1,¢1) € Dg and §' is Dg-name.

Let G * H be P % Q-generic over V with (p1,¢1) € G+ H. Work in V[G][H].
By assumption, TCG(C") is precipitous. Let W be P(x)/ TCG(C’)-generic over
VIG][H] and k : V[G]|[H] — L[k(U)][k(G)][k(H)] the induced generic elementary
embedding. For every club subset E of & lying in V[G][H], by definition, we have
{6 edom(C") | C; C E} € W. Thus, k(C"), C* k(E). Since k(E) Nk = E, we
have k(C"),, C* E, i.e. k(C"), is a fast club over V[G][H].

Let Gp, = (G * H) N D,. Then, Gp_ is Dy-generic over V. By elementarity,
k(Gp,) is k(Dy)-generic over L[k(U)]. Define 7o € Dqa g by letting ro = (¢1 |
[0, 8))a.

Work in V[Gp_]. Let (N, | v < k) be a tower of countable elementary submodels
of H(@)V[Gﬁa] for some sufficiently large regular cardinal § with rg, C_’", D, T € Ny.
For every v < k,let 6y = NyNkand E={d, |y <k}

Work in LIk(U)][k(G)][k(H)]. Let <fv7 Iy < kz(m)> = k((N, | v < )). Then,
<J\AfV v < k(li)> is a tower of countable elementary submodels of H (k())LE@IFDa]],

As in the proof of Lemma 5.2, for every v < k, J\A/ZY = k(Ny) = k“N,, ]\Af.y Nk =d5.
Since rg € Ny, we have ht(rg) < do.

Since k(C"), is a fast club over V[G][H], we have k(C"),, C* E. Let ¢ < & be so
that k(C"). \ ¢ € E. Let F be the set of all v < & such that §, € k(C"),; \ ¢.

Subclaim 6.1.2.1. For every v € nacc(F), FN~y € N,.
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Proof. Let v € nacc(F). If v = min(F), then we have FNy =& € ]\AL,. Suppose
~v > min(F). Since v € nacc(F), there exists 4/ € F such that v = max(F N~).
Since € is T-weakly tight, we have k(C’),. Nd, € N,. So, (k(C").Nd,)\ ¢ € N,,.
Notice (k(C")x N 65)\ ¢ = (k(C") \ €) N (6, + 1). Since <N€ €< k;(/@)> is a
tower, (3¢ | € <7') € N,. So, FNy={&<7"|d € k(C"),\(} can be computed
correctly in NW. O

Note that k(C)s, = k(C)s,) = k(Cs,) = Cs

-
Subclaim 6.1.2.2. For every limit ordinal v < s, Cs, €* {d¢ | £ € Fny}.

Proof. Note that since D is a club subset of x and D € Ny, for every v < K, we
have 6, = Ny, Nk € D. Thus, Cs, exists. Since C' has order type &', we have
otp({de | £ € FNy}) =otp((k(C") \ () Ndy) <€ <e. Since C has order type &,

we have otp(Cs, ) = €. Since ¢ is indecomposable, we have C5, * {d¢ | £ € EN~y}.
O

Notice that @,z is a countable support iteration of forcing notions that are
trivial or of the form R, = P(C_",/f \ Xo). So, k(Qa,p) is a countable support
iteration of forcing notions that are trivial or of the form k(R,) = P(k(C), k(x \
Xa))- k(Do p) is a dense subset of k(Q4 5). By Lemma 2.19, there exists ' < k(ro)
such that for every v < k, if v € F, then 7’ is totally (]\AL,, k(Da.p))-generic; and if
v & F, then for every £ € N, N [k(), k(B))), 6y & 7'(£). Without loss of generality,
we may assume that ht(r') = «.

For every v € F, since 7’ is totally (Nv,k(Ra))—generic and D € Ny C N, we
have ' IF 6, € k(D). Thus, r' IF k(C'), \ ¢ C k(D). Also, since v ¢ F implies
0y & 1r'(k(a)), we have ENr'(k(a)) = {6y |y <r}nNr'(k(a)) C {4, |y F}
So, otp(E Nr'(k(a))) < otp(F) = ¢&’. Note k(E) Nk = E. Since max(r'(k(«))) =
ht(r') = k, we have I otp(k(E) N k(Do) N k) < €.

Let 7' be a k(D,)-name for 7. Then, there exists <ﬁ,c}> € k(D,) such that
ht <<ﬁ,d>) = K, <ﬁ,é> forces that # < k(¢1 | [a,fB))ed and 7 IF k:(C’)K\
¢ C k(Dy) Aotp(k(E) Nk(Dy) Nk) < €. Here D, is identified with a D,-
name for a R,-name. Since (p1,¢1) € G * H, we have (p1,¢1 [ a) € Gp_ and
hence k((p1,41 | @) € k(Gp,_). So, without loss of generality, we may assume

<p,cj> < k({(p1,d1 | @)). There exists a <p’,cj’> € k(Dg) such that <ﬁ’,q*' rk(a)> e
k(Gp, ), (3@ 1 h(a)) < (p.d), and (3,4 1 k(@) I | [k(), k(8)) < . Then,
<}§’, §/> IF B(CU)\C C k(D)Aotp(k(E)Nk(Da)Nk) < €. Also, since <;5', g1 k(a)> <
(pd) < k(prodr 1)) and (7. 1 k(@) 14 1 k() k(8)) < # < k(dg [ [, 5),
we have (§,d') < k((p1,d1)).

In V, we shall define £ to be the set of all {p,§) € Ds such that for some vy < k,

(p,q) IF otp(E N Dy N~) > ¢’ It is easy to see that £ is an open dense subset of
Dg.
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Let Gy p,) be k(Dg)-generic over L[k(U)] extending k(Gp_) with <ﬁ’,é’> €
Gp,)- We shall show that k‘le(@B) is not Dg-generic over L[k(U)]. Suppose
otherwise, i.e. k’le(@ﬁ) is Dg-generic over L[k(U)].

Since £ is an open dense subset of Dg in V, we have & N k_le(ﬁB) # . Let
(p2, o) € Eﬂk_le(@ﬁ). Since (pa, ¢2) € k‘le(@B)7 we have k((p2,¢2)) € Gp,)-
Since (pa,go) € &, there exists v < k such that (py,ds) IF otp(E N Dy N7y) > €.
So, k((pa,d2)) IF otp(k(E) N k(Dy) N7y) > €. However, <ﬁ',(j’> € Gyp,) and

<ﬁ’,é’> - otp(k(E) Nk(Dy)Nk) < €. So, k({p2,¢2)) and <[)’,(§’> are incompatible
though both belong to Gj(p,). This is a contradiction. g

The previous two claims contradict each other. [

This finishes the proof of Theorem 4.1.

7. OPEN PROBLEMS

While Theorem 4.1 answers some questions asked in [4], it leaves the following
question open.

Question 1. Is it consistent that NS, is precipitous but there is a tail club guessing
sequence C on wy such that TCG(C') is not precipitous?

In [6], Jech, Magidor, Mitchell, and Prikry constructed from a measurable car-
dinal a model in which NS, is precipitous. We can show that there is a tail club
guessing sequence in this model. If the tail club guessing ideal associated with it
is not precipitous, then the previous question is solved negatively. Otherwise, it
solves the following question, which is also interesting.

Question 2. What is the consistency strength that NS,,, is precipitous and there
is a precipitous tail club guessing ideal on w;?

Note that the author constructed from a Woodin cardinal a model in which NS,
and all tail club guessing ideals on w; are precipitous. Thus, the existence of one
Woodin cardinal is an upper bound of the consistency strength. However, it is
expected to be much lower.

The following question is not solved in this paper either.

Question 3. Is it consistent that there are two tail club guessing sequences C and
C’ such that TCG(C) is precipitous, TCG(C") is not precipitous, and C has smaller
order type than C’?
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