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Coordinate-wise functions

Definition

Let Xop, X1, Yo, Y1 be sets. We say that a function
f: Xox Xqi — Yy x Yy is coordinate-wise if and only if there
existi < 2,90: X;i — Yo, and g : X;_; — Y7 such that for
every (xo, X1) € Xo x Xi, f(xo, X1) = (go(Xi), 91(x1-i))-

Note that there are so many homeomorphisms f : R? — R?
that are not coordinate-wise
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Theorem (K. Eda and R. Kamijo)

e on of Let L be a connected linearly ordered set. If either cf(x) or
Kamio ci(x) is uncountable for a dense set of x in L, then every

homeomorphism f : L" — L" is coordinate-wise for every
natural number n.
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Question of What if every nonempty convex set has an Aronszajn

Ed d
Kamijo suborder?

We can answer this question with other improvements.
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EZER et K be a linearly ordered set. We say that K is nowhere
el real if and only if no uncountable convex set of K is
separable.

In other words, the closure of any countable set is nowhere
dense.

For example, if a linearly ordered set satisfies the
assumption of the Theorem of Eda and Kamijo, then it is
nowhere real.
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e P ordered sets. Then, every injective continuous function
Tetsuya Ishiu f . KO X K1 — LO X L1 /S COOI’dlnate-Wlse.

So, while it is restricted to dimension 2, this theorem
improves the result of Eda and Kamijo in the following ways.
m Just being injective is sufficient.

m These four linearly ordered sets may be different (and
they may be the same).

m Now, the completion of an Aronszajn line is covered.

In addition, the proof is totally different.
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Let K and L be connected linearly ordered sets, and
g : K — L a continuous function. Let xo < x1 be both in K. If
z € L is between g(xo) and g(xy), then there exists a
X2 € (X0, X1) such that g(x) = z.
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Tetsuya Ishiu _

Let K and L be connected linearly ordered sets and
g : K — L a continuous function. Let xy < xq be both in K.

Then, there exist maximum and minimum values of g on
[X0, X1]

Do you remember
calc 17
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Throughout this subsection, let K and L be nowhere real
connected linerly ordered sets, g : K — L an injective
continuous function, and M a countable elementary
submodel of H(#) with K, L, f € M for some sufficiently large
regular cardinal 6.
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Let J(K, M) be the set of all x € K'\ c/(K N M) with
nowhere real

linearly inf(KNM) < x < sup(K N M).
:::jj ::i For every x € K, let
n(K,M,x) =sup{y e KNnM:y <x}
(KM, x)=inf{ye KNM:y>x}
I(K,M,x) = (n(K,M, x),{(K, M, x))
B(K, M, x)

={n(K,M,x),((K,M,x) }
if they exist.

Note that if x € J(K, M), then both (K, M, x) and
¢(K, M, x) exist.
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m /Ifg(x) € M, then g is constant on I(K, M, x).

m Ifn(K,M,x) & M and g(n(K,M, x)) € M, then g is
constant on I(K, M, x).

m Ifg(x) € J(L, M), then g(n(K, M, x)) € B(L, M, g(x)).
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Of course, we can replace 7 by ¢ in the previous lemma
except the first item.
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linearly Now suppose Kp, K1, L are nowhere real connected linearly
Bebel  ordered sets and consider f: Ky x Ky — L. Let M be a
countable elementary submodel of H(#) with
Ko, Ky, L, f e M.
If y € K1 N M, then the function x — f(x, y) belongs to M.
So, we can apply the result of the previous subsection.
However, we can extend most of them to the case when y is
a limit point of Ky N M.
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LLEECN  Letx € J(Ky, M) and y € cl(Ki N M).

e m x — f(x,y) is constant on I(Ky, M, X) if and only if
f(n(Ko, M., X), ¥) = H({(Ko, M, X), ¥)-

m /ff(x,y) € J(L,M), then
f(n(K07 Ma )_()7}_/) € B(L7 M7 f()_(’}_/))

m [ff(n(Ko, M, X),y) € M and n(Ky, M, X) & M, then
x — f(x,y) is constant on I(Ky, M, X).




End point values are fixed near y
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W Lot X © J(Ko, M), and 7 € K be a limit point of Ky 0 M from
above. If f(x,y) € J(L, M), then there exists ay’' € Ky such
thaty < y' and foreveryy € [y,¥],
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B Letx c J(Ko, M) and 7 € J(Ki, M).
m max ’(/(Ko, M, X) x I(Ki, M, y)) =
max f""(B(Kp, M, X) x B(Ko, M, y)). Similarly, for
minimum.

m Iff(X,y) € M, then f is constant on
I(K07Ma)_() X /(K‘IuMa}_/)

Tetsuya Ishiu
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Let Ky, K1, Lo, L1 be nowhere real connected linearly
ordered sets, and let f : Ky x K1 — Ly x Ly be an injective
continuous function. Let M be a countable elementary
submodel of H(0) with Ky, Ky, L, f € M.
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Let Ky, K1, Lo, L1 be nowhere real connected linearly
ordered sets, and let f : Ky x K1 — Ly x Ly be an injective
continuous function. Let M be a countable elementary
submodel of H(0) with Ky, Ky, L, f € M. Let

(Go(x,¥), 91(x,¥)) = f(x,¥).

Tetsuya Ishiu
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Bl (et X € J(Ky, M) and y € J(Ky, M). Let a = n(Ky, M, X),

b= ((Kp, M, X), c =n(Ki,M,y), and d = ((Ky, M, y). Then,
there exists i < 2 such that gi(a, c) = gi(a, d),

9i(b, ) = gi(b, d), g1-i(a, ¢) = 91-i(b, ¢), and

g1,,-(a, d) = g1,j(b, d)
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One coordinate is (almost) constant on a
vertical line

Lemma

Letx € J(Ko, M), a = (Ko, M, X), and b = (Ko, M, X).
Then, there exists i < 2 such that for every

y,y' € (inf(Ky N M), sup(Ki N M)), we have

gi(a,y) = gi(a.y’) and gi(b.y) = gi(b. y')
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One coordinate is constant on a vertical and
horizontal line

Lemma

For every x € Ky, there exists ix < 2 such thaty — g; (X, y)
is constant on Kj.

Similarly, for every y € Ki, there exists j, < 2 such that
x + g, (X, y) is constant on K.
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There exist i < 2 such that for every x € Ky, ix = i and for
everyy € Ky, jy =1 —i. Hence, f is coordinate-wise.

Wrapping up.
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Tetsuya Ishiu Lemma

There exist i < 2 such that for every x € Ky, ix = i and for
everyy € Ky, jy =1 —i. Hence, f is coordinate-wise.

This completes the proof of the main theorem.

Wrapping up.
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m Higher dimension?
m Can we weaken “linearly ordered”?

m How about other things that can be done for R?

Wrapping up.
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