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1. INTRODUCTION

In this article, we abbreviate a linearly ordered topological space as LOTS.
The finite product of connected linearly without endpoints can be considered
as a generalization of the Euclidean space R™. However, the behavior of
such a product can be quite different. For example, L. B. Treybig showed
following theorem.

Theorem 1.1 (Treybig [11]). If X and Y are infinite Hausdorff spaces and
X xY is a continuous image of a compact LOTS, then both X and Y are
metrizable.

Notice that when X and Y satisfy the assumption of this theorem, then
both X and Y are compact and metrizable and hence separable. Recall that
G. Peano showed that [0, 1] x [0, 1] is a continuous image of [0, 1]. Conversely,
the previous theorem implies that if a compact LOTS K has this property,
then K is separable and hence isomorphic to a subset of R.

S. Mardesié¢ [7] conjectured the following generalization of Theorem 1.1,
which was proved by G. Martinez-Cervantes and G. Plebanek.

Theorem 1.2 (G. Martinez-Cervantes and G. Plebanek [8]). Let d and s
be positive integers. Let K; be a compact LOTS for each i < d and Z; an
infinite Hausdorff space for each j < d + s. If there exists a continuous
surjective function from [];_, K; onto Hj<d+s Z;, then there exists at least
s + 1-many indezes j < d + s such that Z; is metrizable.

Notice that Theorem 1.1 is a spacial case of this theorem when d = s = 1.

The author proved the following theorem, which demonstrates a signifi-
cant difference between the Euclidean space and the finite product of con-
nected nowhere separable LOTS. Here, a topological space X is said to be
nowhere separable if and only if no nonempty open subset of X is separable.
As usual in set theory, a natural number n is identified with the set of all nat-
ural numbers less than n, namely n = {0,1,2,...,n —1}. We shall regard
an n-tuple as the function whose domain is n. Namely, (zo,z1,...,zp—1) is
the function whose domain is n such that z(i) = x; for all i < n.
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Theorem 1.3 (T. Ishiu [4]). Let n be a positive integer. Let K; and L;
be connected nowhere separable LOTS, and f : [[;., Ki — [lic,, Li be a
continuous injection. Then, f is coordinate-wise, namely there exists a bi-
Jection h:m — n and a function 7; @ Ky) — L; for all i <n such that for
all v € [[,.,, K and k <n,

f(@) (i) = 7n) (2(h(7)))-

Meanwhile, the author proved the following two theorems hold for the
finite product of connected LOTS. Notice that Theorem 1.4 is analogous to
Brouwer’s fixed-point theorem while Theorem 1.5 is to the Poincaré-Miranda
theorem.

Theorem 1.4 (L. E. J. Brouwer [2]). Let n be a positive integer. Let K; be
a compact connected LOTS for each i < n. Then, every continuous function
[ [Licn K = Tlicn Ki has a fized point, ie., v € [],_, K; such that
f(@) =

Theorem 1.5 (C. Miranda [9]). Let n be a positive integer. Let K; and
L; be compact connected LOTS for each i < n. Deﬁne K = [Lic, Ki,
L= [Lic, Li, a = min K, and b = max K. Let f : K — L be a continuous
function. Let z € L be so that for every i < n and x € K

o if x(i) = a(i), then f(z)(i) < z, and
o if x(i) = b(i), then f(z)(i) > z
Then z € ran(f).

Note that the previous theorem works when h : n — n is a bijection
and we assume if x(i) = a(i), then f(x)(h(i)) < z and if (i) = b(3),
F(@)(h()) > =

These theorems and their proofs suggest that the Euclidean spaces and
other finite product of connected LOTS share some significant properties
though their internal behavior may be quite different.

In this article, we shall prove the generalization of the following theorem
of Brouwer, often called the invariance of domain theorem, to the finite
product of connected LOTS.

Theorem 1.6 (Brouwer [1]). For every positive integer n, every continuous
injective function from R™ into R™ is an open map.

Such a generalization is conjectured to be true in [6], where the following
theorem was proved. Notice that when all K;’s and L;’s are isomorphic to
R, it is an easy corollary of Theorem 1.6

Theorem 1.7 (T. Ishiu [6]). Let n and m be positive integers with m < n.
Let K; be a connected LOTS with |K;| > 2 for eachi < n and L;j a connected
LOTS for each j < m. Then, there exists no continuous injective function

from a nonempty open subset of [[;,, Ki into [[;,,, L;-
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The proof of the main theorem (Theorem 5.1) is done by the same strategy
as in [5]. Namely, let € dom(f) and U an open neighborhood of = with
U C dom f. For a good enough countable elementary substructure M, we
shall consider the condensations ¢([[;.,, Ki, M) and ¢(][;., L;, M), and
the function ¢(f, M) : o([[,., K:i) — ©(Il;<, L;) that is correspondent
to f. We shall observe that both ¢([[,_, K, M) and (], L;j, M) are
homeomorphic to R™ and ¢(f, M) is injective. Thus, we can apply Theorem
1.6. If M is taken appropriately, we can show f~7U C ran(f). To make this
strategy work, we need the new lemmas, which are mainly proved in Section
4.

Then, as an application of the main theorem, we shall consider cancella-
tive topological semigroups on the finite product of connected LOTS. In
particular, we shall show that if such a semigroup exists, then the underly-
ing space is locally Euclidean.

We also show that if every cancellative topological monoid on the finite
product of connected LOTS is a Lie group. In this case, the underlying
space must be the Euclidean space. So, the class of such monoids is limited.
For example, recall that the unique abelian two-dimensional Lie group on
R? is R? with the ordinary vector addition, and the unique nonabelian two-
dimensional Lie group on R? is Aff(1), the affine group of the line, up to
isomorphism. Thus, the class of all cancellative topological monoids on the
finite product of connected LOTS consists exactly of these two elements.

The structure of this article is as follows. In Section 2, we shall list
definitions and lemmas about the finite product of connected LOTS. The
most of them are taken from [5] and [6], but we shall also introduce a new
notation C,. In Section 3, we shall present definitions and lemmas about
functions whose domain is the finite product of connected LOTS. In Section
4, we shall investigate the properties of the condenstations more deeply and
prove lemmas that are critical in the proof of the main theorem. Section 5
is mostly devoted to the proof of the main theorem. In Section 6, we shall
discuss an application of the main theorem and other results to topological
semigroups.

2. THE PRODUCT OF CONNECTED LOTS

2.1. A single LOTS. We would like to remind the readers some basic facts
about LOTS. We will frequently use interval notations for a LOTS K. For
example, if a,b € K, then [a,b) denotes the set of all elements p € K such
that a < p < b.

Fact 2.1. Let K be a LOTS.

(i) If K is connected, then K is self-dense and has the least upper-bound

property.
(ii) If K is separable and connected, then K is order-isomorphic to a
convex subset of R, i.e., one of {0}, [0,1], [0,1), (0,1], and (0,1).
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(iii) If K is connected and has both endpoints, then K is compact. In
particular, any bounded closed interval [a, b] is compact.
(iv) If K is compact, then K has both endpoints.

Now, we shall present the definitions and lemmas about the condensation
defined by the author in [5] and [6]. In the following part of this subsection,
we fix a compact connected LOTS K with |K| > 2, a regular cardinal
6 > 0k, and a countable elementary substructure M of H(6) with K N M.
Note that we assume K is compact to avoid dealing with elements p of K
such that p < inf(K N M) or p > sup(K N M). However, the most of the
arguments work without assuming the compactness.

The following definition is used to specify ‘sufficiently large’ cardinals.

Definition 2.2. Let Sp,...,S,—1 be any set. Let Og, . s, , be the least
regular cardinal 6 such that P(SoUS; U---US,_1) € H(0).

The following relation is defined in [5].
Definition 2.3. A relation ~g s on K is defined by for all p,p’ € K,
p ~k,m P if and only if
e if p < p/, then [p,p’]| N M is finite, and
e if p' < p, then [p/,p| N M is finite.
When K and M are clear from the context, we omit them. We shall use
this convention for all definitions defined by using K and M.

~k,m is shown to be an equivalence relation in [5]. We write [p]x a to
mean the ~x pr-equivalence class of p.

The following easy facts were proved in [5].
Fact 2.4. For every p € K,
[p] is a closed convex subset of K and hence compact.

o |lpJNM| <1

o If min[p] # min(K N M), then min[p] is a limit point of K N M from
below.

o If max[p|] # max(K N M), then max[p] is a limit point of K N M
from above.

Definition 2.5. Let p € K. We shall define C(K, M, p) to be the set of all
¢ € K such that ¢ = min[p|, ¢ = max[p], or ¢ € [z] N M.

The following technical lemmas were proved in [6].

Lemma 2.6. Let a,b € KNM with a <b. Then, there ezists p € (a,b)N M
such that p is a limit point of KN M from below. Similarly when we replace
‘from below’ by ‘from above’.

Lemma 2.7.

(i) Let x € K be a limit point of K N M from below, and a < x. Then,
there exists a’ € K N M such that a < o' < x and a’' is a limit point
of KN M from below.
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(ii) Let x € K be a limit point of K N M from above, and b > x. Then,
there exists b’ € K N M such that x < b < b and V' is a limit point
of KN M from above.

Notice that if a < p are elements of K and a is a limit point of K N M
from above, then a < min[p|]. Similarly, if p < b are elements of K and b is
a limit point of K N M from below, then max[p] < b. These facts are used
frequently in the later sections.

The following notation is new in this paper.

Definition 2.8. Let p € K. Define C¢(x) = { min[p], max[p] }.

When p € K, we shall denote the cofinality of p by cf(p) and the coini-
tiality of p as ci(p).

Fact 2.9. For every p € K and ¢ € C(p), ¢ € C,(p) if and only if ¢ = min K,
¢ =max K, ci(c) =w or cf(c) = w.

Proof. Let ¢ € C(p). It is trivial when either ¢ = min K or C' = max K. So,
suppose ¢ # min K and ¢ # max K.

If ¢ € Ce(p), then ¢ = min[p] or ¢ = max[p]. But we know that if
¢ = min|p|, then c is a limit point of K N M from below and hence cf(p) = w.
Also, if ¢ = max[p], then c is a limit point of K N M from above and hence
ci(p) = w.

Suppose ¢ € Ce(p). Then, min[p] < ¢ < max[p] and ¢ € M. So, if
cf(p) = w, then (min[z], )N M is infinite, which is a contradiction. Similarly,
ci(p) = w will derive a contradiction. O

By using this equivalence relation, we shall define the condensation of K.
Definition 2.10. Let ¢(K,M) = {|a] | a € K'}. We shall define a linear

order on (K, M) by [a] < [b] if and only if @ < b. This is well-defined as [a]
and [b] are convex. The topology on ¢(K, M) is given by the order topology.

The following facts about ¢ (K, M) were shown in [5].

Fact 2.11.
e ¢(K, M) is order-isomorphic to [0, 1].
o Theset {[p] |p € KN M} is dense in (K, M).
2.2. The finite product. In this subsection, we fix
a positive integer n,
a compact connected LOTS K; for each ¢ < n,
a regular cardinal 6 > 0y, |;<n), and
a countable elementary substructure M of H(6) with (K; | i <n) €
M.
Let K =[]

i<n K. We shall use the following notations.
Definition 2.12. Let x,y € K. Define
(i) < y if and only if for every i < n, x(i) < y(7)
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(ii)) = <y if and only if for every i < n, x(i) < y(i),
(i) (z,y)={z€K|z<z<y}, and
(iv) [z,yl ={ze K|z <z<y}

We shall use 7; to mean the projection to j-th coordinate, i.e.,
7Tj(<{£0,$1, . ,l’n71>) = {L‘j
The equivalence relation on K is defined as follows in [5].

Definition 2.13. Define a relation ~RM

for every i < n, x(i) ~g, m y(3). Clearly, o 15 an equlvalence relation

onKbny Mylfandonlylf

on K. For every z € K, let [z 7], be the ~ 5 -equivalence class of z. We

also define C(K, M, z) = [I;c, O, M, x(i)). Let ©(K, M) be the set of

all ~z ) -equivalence classes. It can be identified with [I;cr, o(Ki, M). The

topology on go(I?, M) is given as the product topology on [[,_,, »(K;, M).
The author [5] proved C(x) has the following characterization.

Fact 2.14 (T. Ishiu [5]). For every z € K, C(z) = [z] N cl(K N M).
We shall also define the vector version of Ce.

Definition 2.15. Let 2 € K. Define C,(K, M, z) = [Lic,, Ce(()).
The following notation help us describe subsets of C(x).

Definition 2.16. Let z € K and s C n. Define C(I?, M, x,s) to be the set
of all c € C(K,M,cy) such that ¢ [ s=x | s.

For example, if z € K, ig < n, and z(ig) = min[z(ig)], then C(z, {4 }) is
the set of all ¢ € C'(z) such that c(ip) = min[z(io)].

Definition 2.17. Let z € K be so that [z] C dom(f). Let s(x) be the set
of all i < n such that |[z(7)]| > 1.

So, i € n'\ s(z) is equivalent to |[z(i)]| = 1 and hence [z(i)] = { (1
Notice that for every i < n, if i € s(z), then |Ce(z)| = 2, and if ¢ & s(
then |Ce(x)| = 1. So,

)}
l‘)?

=[] Ce(2)

<n

— [T 1C.atip)| =2

<n

The following lemmas are used to ensure [x] C dom(f) in a typical situa-
tion when f is a function on an open subset of K.

Lemma 2.18. Let 20 € KN M and U € M an open neighborhood of xg.
Suppose that for every i < n, min K; < xo(i) < max K;. Then [zo] C U.
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Proof. Since U is open and for every i < n, min K; < z(i) < max K;, there
exists a,b € K such that zo € (a,b) C U. Since xo,U € M, without loss of
generality, we may assume a,b € M. Since zy € (a,b), for every i < n, we
have a(i) < zo(i) < b(7). Since xg,a,b € M and K; is self-dense, there exist
a'(i),b (i) € K; N M such that a(i) < a/(i) < zo(i) < b'(i) < b(¢). Then, for
every i < n, clearly a/(i) < min[zo ()] and max|xo(i)] < ¥'(i). So, we have
[zo] C [a/, V] C (a,b) CU. O

Lemma 2.19. Let zy € K and U an open set such that [zo) C U and
for every x € U and ¢ < n, minK; < z < maxK;. Then, there exist
a,b € KN M such that xy € (a,b) CU and for all z € (a,b), [z] C (a,b).

Proof. Since [z9] C U and U is open, for each = € [zg], there exist a,, b, € K
such that = € (az,by) C U. It is easy to see that [zg] is compact. So, there
exists a finite subset F of [zo] such that [zg] C |, cp(az, bz).

Claim 1. For every i < n, there exists z € F' such that a, (i) < min[zo(7)].

Proof. Let ¢ € K be defined by ¢(i) = min[zo(i)] for all i < n. Then,
¢ € [xg]. So, there exists © € F such that ¢ € (ag, by). Thus, for every i < n,
a(1) < c(i) = min[xg(7)]. O

So,
max { az(7) | * € F A ag(i) < minfzo(i)] } < minfzg(i)]

By Lemma 2.7, since min[z((4)] is a limit point of K; N M from below, there
exists a(i) € K; N M such that a(¢) is a limit point of K; N M from above
and

max{ az(7) | x € F A az(i) < min[zo(i)] } < a(i) < minfzg(i)]

Similarly, there exists b(i) € K; N M such that b(i) is a limit point of
K; N M from above and

max|[zo(i)] < b(i) < min{b,(7) | x € F Amax[zo(i)] < by (i) }
Claim 2. xg € (a,b).
Proof. By the definition of a and b, for every i < n,

a(i) < minf[zo(i)] < zo(i) < max|xo(i)] < b(i)

Claim 3. For every x € (a,b), [x] C (a,b)

Proof. Let z € (a,b) and i < n. Then, a(i) < x(7) < b(i). Since a(i) is a
limit point of K; N M from above, we have a(i) < min[z(¢)]. Similarly, we
have max[z(i)] < b(i). So, [z] C (a,b). O

Claim 4. (a,b) CU.
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Proof. Let x € (a,b). We shall define 2’ € [¢] as follows. For each i < n,
if 2(i) € [zo(4)], then 2'(7) = z(i). If (i) < min[xo(i)], then let 2'(i) =
min[zo(i)]. If 2(¢) > max[zo(i)], then let 2/(i) = max[xo(i)]. Then, 2’ € [x(].
So, there exists y € F such that 2’ € (ay, by).

We shall show that € (ay,by). Let i < n. If z(i) € [z0(¢)], then
z(i) = 2'(1) € (ay(7), by(i)). If (i) < min[z(4)], then since z € (a,b), we
have a(i) < x(4). Since /(i) = min[zo ()] € (ay(7),by (7)), we have a,(i) <
min([zo(i)]. By the definition of a, we have a, (i) < a(i). So, ay(i) < z(1).
Similarly, if z(7) > max[xo(7)], then z(i) < ay( i).

Therefore, = € (ay,b,) C U. O
(]
3. A FUNCTION FROM THE PRODUCT

3.1. Into a single LOTS. In this section, we shall review the definitions
and results on a function from the product of connected LOTS into a single
LOTS in [5] and [6], and then prove several new lemmas that are essential
to prove the main theorem.
In this section, we fix
e a positive integer n,
e a compact connected LOTS K; for each i < n,
e a compact connected LOTS L,
e a continuous function g from a nonempty open subset of [],_,, K;
into L such that for all z € dom(g) and i < n, min K; < z(i) <
max K,
e a regular cardinal 6 > 60,, and
e a countable elementary substructure M of H(6) with g € M.
As in the last subsection, let K= [Licn K
The following facts were proved in [5].

Fact 3.1. Let z € K. Then,
(i) “a] C [9(_)]

(ii) min g~ [x] = min g7 C(x) and max ¢~ [x] = max g~ C(z).
By Fact 3.1 (i), we can see that the following definition is well-defined.

Definition 3.2. ¢(g, M) is defined to be the function from { [z] | z € dom(g) } C
w(K, M) into ¢(L, M) such that

(g, M)([z]) = [g(x)]
The following fact was proved in [5].
Fact 3.3. ©(g, M) is continuous.
The following lemma is a generalization of a lemma proved in [6].

Lemma 3.4. Let o € K and s C n be so that [co] C dom(g). Define sy =
{i€s|co(i) =minf[co(i)] } and s1 = {i € s|co(i) = max[co(i)] }. Suppose
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s # g,
[co] € dom(g),
s=sgUsy (i.e., for everyi€ s, co( ) € Cel(co(i))), and
g is not constant on {x € [co] |z [s=co | s}
Then, there exists a,b € K such that co € (a,b) C dom(g) and for all
€ (a,b), [z] € dom(g) and if
ez[(n\s)=col(n\s),
o for alli € s, x(i) < co(i), and
o for alli€ sy, x(i) > co(i),
then for all d € C(x), we have g(d) = g((co [ s)U (d | (n\ 9))).

Proof. Suppose that o, S, S0, S1 are as in the assumption. By Lemma 2.19,
there exists ,b € K such that ¢y € (a,b) C dom(g) and for all z € (a,b),
(2] € (a,b) C dom(g).

Since g is not constant on {x € [co] | x [ s =¢o [ s}, its image under g
is a connected subset of L with at least two points. So, it has infinitely
many points. Since g7 [co] NCHL N M) C [g(co)] NCI(LN M) is finite, there
exists zg € [co] such that z9 [ s = ¢ [ s and g(xg) & CI(L N M). Since
g is continuous, there exists o/, € K such that z¢ € (a’,V) C (a,b) and

(@, V)NCHLN M) =a. So, g~ (a’,V') is a connected subset of L that
is disjoint from CI(L N M). Thus, for all x € (da’,b"), since both g(x¢) and
g(x) belong to g~ (a’,b"), we have g(x) ~ g(xo). Since xg € [cg], we have
g(zo) ~ g(co). So, g(z) ~ g(co).

Let ¢ € C(c, s). Since [g(¢)] N CI(L N M) is finite, there exist ac,b. € K
such that ¢ € (ac, b.) C (a,b) and g~ (ae, be) N CIL N M) C {g(c) }.

Define a,b € K as follows. For all i € n\ s, let a(i) = ae, (i) and
b(i) = be, (7). Let i € s. Then, co(i) = xo(i) € (a'(i),b'(7)). Also, for all
c € C(cop,s), co(i) = c(i) € (ac(i),be(7)). Let a(i) € K; be so that

e a(i) > d'(i),
e a(i) > a.(i) for all ¢ € C(co, s),
e a(i) < co(7), and
e if i € sg, then a(i) is a limit point of K; N M from above.
The last condition can be attained since if i € sg, then c¢y(¢) is a limit point
of K; N M from below. Let b(i) € K; be so that
b(i) < b'(i),
b(i) < be(1) for all ¢ € C(cy, s),
b(i) > ¢o(i), and
if i € s1, then b(7) is a limit point of K; N M from below.

We shall show that this satisfies the conclusion. Let = € (a,b). Then, we
have (a,b) C (aey,bey) € (@,0). So, [x] C (a,b) C dom(g).

Suppose z [ (n\s) =co [ (n\s), z(i) < co(3) for all i € sg, and x(i) > co(7)
for all i € s1. Let d € C(x). Define c = (co [ s) U (d [ (n\ s)). It suffices to
show that g(d) = g(c).
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Claim 1. ¢ € C(cy, s).

Proof. Let i € s. By the definition, ¢(i) = ¢o(7).
Let i € n\ s. Then, (i) = d(i ) C(z(7)). Since (i) = ¢o(i), we have
C(x(i)) = Clco(i)). So, c(i) € C(co(d))- O

Claim 2. d € (ac,d.).

Proof. Let i < n. Suppose i € n\ s. Then, d(i) = c(i) € (ac(7), b.(7)).

Suppose i € s. Then, d(i) ~ x(). Since x € (a,b), we have a(i) < z(i) <
b(i). If i € sg, then z(i ) < ¢o(i). Since ¢o(7) is a limit point of K; N M from
below and a(7) is a limit point of K; N M from above,

a(i) < min[z(i)] < z(i) < max[z(7)] < co(i) < b(7)
If ¢ € s1, similarly we have

a(i) < co(i) < minfa(i)] < z(i

)
In either case, we have a(i) < min|z(i)] < max[x(i)] < b(7). Since d(i) ~
x(i), mln[:r(z)] < d(i) < max[z(i)]. So, a() (1) < b(1). O

<d(i) <
Since d € C(z), we have g(d) € C(g(x)) C CI(L N M). Therefore,
g(d) € g7 (ac,be) N CUL N M) € {g(c) }
So, g(d) = g(c). O

Lemma 3.5. Let o € K and s C n be so that [co] C dom(g). Set g = g(co).
Let so = {i € s | co(i) = min[co(i)] } and s1 = {i € s | cp(i) = max[cy(i)] }.
Suppose that

. 540,

e [co] € dom(g),

e s =50Usq, and

o for every c € C(co,s), g(c) =q.
Then, for all y € [co] withy [ s=co | s, g(y) =

Proof. Suppose that cg, s, ¢ satisfy the assumption and define sy and s; as
in the statement. Suppose that the conclusion is false. Then, g is not
constant on {y € [co] |y [ s=co | s}. Thus, by Lemma 3.4, there exists
a,b € K that satisfies the conclusion. Also, there exists yo € [co] such
that yo | s = co | s and g(yo) # ¢q. Without loss of generality, we may
assume ¢(yo) & CL(L N M). So, there exist a’,b’ € K such that yo € (a, ),
q& g7 (d,b),and g7 (a/, ') NC(LN M) =2. Let y; € (a/,) be so that

ey [(n\s)=wol(n\s),

e for all i € sp, max {a(i),a’ (i) } <wyi(i) < yo(i), and

o forall i € s1, yo(i) < y1(¢) < min{b(3),0 () }.

Define z € K by z = (y1 [ s) U (co | (n\ 5)).
Claim 1. z € (a,b)
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Proof. Let i < n. Suppose i € n'\ s. Then, by the definition, (i) = ¢y(i) €
(a(i), b(i)).

Suppose i € sg. Then, a(i) < y1(i) < yo(i) = co(i) < b(i). Suppose i € s;.
Then, a(i) < ¢o(i) = yo( ) < y1(i) < b(3). Since x(i) = y1(7), in both cases,
we have z(i) € (a(i),b(i)). O

Claim 2. g7 [z] ={q}
Proof. By definition, we have

ex[(n\s)=col(n\s),

o for all i € sg, 2(2) = y1(7) < yo(¢) = co(i), and

o for all i € 51, z(2) = y1(7) > yo(i) = co(7).
Thus, by the definition of a and b, for all d € C(x), we have g(d) = g(c)
where ¢ = (¢o [ s)U(d [ (n\ s)). However, we have ¢ € C(cg, s) and hence
g(c) = q. Therefore, for every d € C(z), we have g(d) = ¢q. By Fact 3.1 (ii),
it implies that ¢ [z] = { ¢ }. O

Claim 3. 11 € [z].

Proof. Let i < n. Suppose i € s. Then, y;(i) = z(i) € [z(i)]. Suppose i & s.
Then, y1(7) = yo(i) € [co(7)]. Since z(i) = ¢o(i), we have [co(2)] = [z()].
Therefore, y1 (i) € [x(i)]. O

Thus, g(y1) = q. However, since ¢ € g7 (a’,V') and 31 € (a’, V'), we have
9(y1) # q. This is a contradiction. N

Lemma 3.6. Let co € K be so that [co] C dom(g) and for every i < n,
co(i) € Ce(co(i)). Suppose that g is not constant on [co]. Then, there exist
a,b € K such that ¢y € (a,b) C dom(g) and for all z € (a,b) with = |
s(co) = co I s(co), g(z) = g(co).

Proof. If s(cy) = @, then [cg] is a singleton and hence g is constant on [cp).
Thus, we have s(cp) # @.

By Lemma 2.19, there exist @,b € K such that co € (a,b) C dom(g) and
for all z € (a,b), [z] C (a,b) C dom(g).

Since g is not constant on [cg], there exists y € [¢g] such that g(y) &
CI(L N M). So, there exists ag, by € K such that y € (agp,bo) C (a, Z)) and
g (ag,bo) NCI(L N M) = @. Thus, for every = € (ag,y0), g(z) ~ g(y).

Since C(g(co)) is finite, there exist a;,b; € K such that ¢ € (a1,b1) C
(@,b) and g™ (a1,b1) N C(g(co)) € {g(co) }-

Define a,b € K as follows. For every i € s, let a(i) = a1(i) and b(i) =
bi1(i). Notice that aj(i) < co(i) < b1(i). Let i ¢ s. By the definition of
s, |[co(7)]] = 1 and hence [co(7)] = {co(7) }. Since y(i) € [co(7)], we have

(z) = co(i). Since ag(i) < y(i) < bo(i), we have ag(i) < co(i) < bo(i). Let
a(i) be a limit point of K; N M from above such that max { ag(7),a1(7) } <
a(i) < co(i) and let b(7) be a limit point of K; N M from below such that
co(i) < b(i) < min{bg(i),b1(7) }. Then, it is easy to see cg € (a,b).
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Claim 1. For all z € (a,b) and ¢ € C(x),if ¢ | s =y [ s, then g(c) = g(co).
Proof. Let x and ¢ be as in the assumption.
Subclaim 1.1. ¢ € (a,b).

Proof. Let i < n. Suppose ¢ € s. Then, ¢(i) = cg(i) by the assumption.
By the definition of a and b, we have a(i) < cg(i) < b(i). Hence c(i) €
(a(i), b(i))-

Suppose i € s. Since x € (a,b), we have a(i) < x(i) < b(i). Since a(i)
is a limit point of K; N M from below, we have a(i) < min[z(7)]. Since b(%)
is a limit point of K; N M from above, we have max[(z(7))] < b(i). Since
c(i) € C(x(i)), we have min[z(i)] < c(i ) < max[z(7)]. So, a(i) < c(i) < b(7)
ane hence c(i) € (a(i), b(7)). O

Define y' = (y [ s) U (c [ (n\ 5)).

Subclaim 1.2. y' € (ag,by)

Proof. Let i < n. Suppose i € s. Then, /(i) = y(i) € (ao(i), bo(7)).
Suppose i & s. Then, y'(i) = c(i). Since ¢ € (a,b), c(i) € (a(i),b(i)) C

(ao(i), bo(4))- O
So, g(y') ~ g(y) ~ g(co).

Subclaim 1.3. ¢ € C(y)

Proof. Let i < n. Suppose i € s. Then, ¢(i) = co(z) We have ¢/ (i) = y(i) €
[co(i)]. Thus, ¢(i) € [¢/(i)]. Since c(z) C(z(i)) € CI(K; N M), we have
c(d) € [y )] NCUK: N M) = C(y'(i)).

Suppose i € s. Then, ¢(i) = /(i) € [y'()]. So, (i) € [y (i)]NCYK;NM) =
Cy'(1))- 0

So, g(¢) € C(g(y")) = Cg(co)). Thus,

g(c) € g7 (a,b) N Cg(co)) € g~ (a1,b1) N C(g(co)) € {g(co) }

So, g(c) = g(co)- O

For all x € (a,b), since (a,b) C (a,b), we have [z] C (a,b) C dom(g). By
Lemma 3.5, the previous claim implies that if z [ s(co) = co [ s(cp), then
g(z) = g(co). O

3.2. Into the product of connected LOTS. We shall extend it to func-
tions from the product of connected LOTS into the product of connected
LOTS. In the remainder of this paper, when f is a function whose range is
a set of tuples, we shall write f; to mean 7; o f. So, for every z € dom(f),

we have fj(z) = f(x)(j)-
Definition 3.7. Suppose
e 7 is a positive integer,
e for each 7 < n, K; and L; are compact connected LOTS,
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e [ is a continuous function from a nonempty open subset of [],_,, K;
into [[;., L; such that for all z € dom(f) and i < n, min K; <
x(i) < max K;,

e 0 is a regular cardinal with 6 > 6, and

e M is a countable elementary substructure of H () with f € M.

We shall define the function ¢(f, M) from { [z] | € dom(f) } into ¢(L, M)
by for every x € dom(f),

e(f, M) (x)(5) = @ (fj, M)(x)
where f; is the j-th coordinate function of f, namely f; = 7o f.

Since ¢(f;, M) is continuous, ¢(f, M) is continuous.

4. A BOX IS MAPPED ONTO A BOX.

The following notation will be used in the following sections.

Definition 4.1. Let n be a positive integer. Let K; be a connected LOTS
for each i < n. Let f be a continuous function on a nonempty open subset
of [],.,, Ki. For every x € K with [2] C dom(f), let tr(x) be the set of all
J < n such that f; is not constant on [z]. When f is clear from the context,
we shall write ¢(z) to mean ¢s(x).

For each positive integer n, let (%), denote the following statement.

e Suppose that
— K; is a compact connected LOTS with |K;| > 2 for each i < n,
— Lj is a connected LOTS for each j < n,
- K= Hi<nKi7 and L = Hj<nLj7
— f is a continuous injective function from an nonempty open
subset of K into E,
— for all z € dom(f) and ¢ < n, min K; < z(i) < max K;,
Then, f is an open map.
In this section, we shall assume
e 7 is a positive integer,
e K;,Lj, f are as in the assumption of (x),,

e 0 is a regular cardinal 6 > 0 » f’

e M is a countable elementary substructure of H(6) such that K , I_;, fe
M, and
(%) holds for all m < n.

Lemma 4.2. For every z € K with [] € dom(f), if s(x) = @, then
t(x) =o.

Proof. Suppose that s(z) = @. Then [x] = {x }. Thus, for every j < n, f;
is constant on [z]. So, t(x) = @. O

Lemma 4.3. Let co € K such that ¢y € Ce(cp) and [co] € dom(f). Then,
there exist a,b € K such that ¢y € (a,b) C dom(f) and
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(i) for every x € (a,b), if x | s(co) = co | s(co), then f(z) [t = f(co) |
t,

(it) if we define a function g : [, (a(i),b(i)) = [T Ly by
g(@) = f(x U (co I 5(co))) I (n\ t(co)),

then g is a continuous injection.

Proof First, we shall focus on (i). If s(co) = @, then by Lemma 4.2, t(cp) =
. Thus, f( ) [ t(eo) = f(co) | t(co) vacuously holds for every z. So, from
now on, suppose s(cp) # .

By Lemma 2.19, there exists @,b € K such that ¢ € (@,b) C dom(f) and
for every = € (a,b), [x] C (a,b).

Let j € t(cg). Then, f; is not constant on [cp]. So, by Lemma 3.6, there
exist aj,b; € K such that ¢ € (aj,b;) C (a,b) and for all = € (aj,b;) with
| s(co) = co | s(co), fi(x) = fj(co)-

Foreachi < n,let a(i) = max{a;(i) | j € t(co) } and b(i) = mln{b (1) | 7 € t(co) }
Then, for all x € (a,b) with x [ s(co) = co [ s(co), we have f(z) | t(co) =
F(co) T teo). So, (i) is proved.

Now, we shall show (ii). Define g as in the statement. Clearly, ¢ is
continuous. To show that g is injective, let # and 2’ be distinct elements
of JTien\s(e)(a(d),0(i)). Then, since x U (co | s(co)) # 2" U (co | s(co))
and f is injective, we have f(x U (co [ s(cp))) ;é f(:z: U (co | s(cp))). By
(), £z U (co | sco))) It = feo) | £ = f(a U{co | s(co)) | & Thus,
g(@) = f(@U(co [ s(co))) I (n\t(co)) # f(a'U(co I s(c ))) (n\t(co) = g(w%

Lemma 4.4. Let z9 € dom(f) such that [zo] C dom(f). Then, |s(zo)| =
[t(20)]-

Proof. If s(xg) = @, by Lemma 4.2, t(xg) = &. So, |s(zg)| = |t(zo)| = 0.
Thus, we shall assume s(z() # & from now on.
First, we shall show [s(zg)| < |[t(xg)|. Define a function g : [ ;. [zo(7)] —

Hjet L; by
g(x) = f(xU(zo | (n\s(x0)))) 't

Clearly, g is continuous.

We shall show that g is injective. Suppose that x and 2’ are distinct
elements of [[;c ;) [@0(4)]. So, zU(zo [ (n\s(z0))) # ' U(zo | (n\s(xg))).
Thus, f(z U (zo | (n\ s(x0)))) # f(2' U(xo [ (n\ s(x0)))). So, there exists
j < nsuch that fj(z U (20 [ (n\ s(20)))) # fi(z" U (2o [ (n\ s(z0)))). If
J & t(xo), then f; is constant on [zg], which is a contradiction. Therefore,
J € t(xp). Hence, g(z) # g(z’). By Theorem 1.7, |s(xq)| < |t(x0)]-

Then, we shall show |s(xg)| > [t(xzg)|. Let ¢g € C(zg) be defined by
co(i) = min[zo(i)]. Let a and b be as in the conclusion of Lemma 4.3.
Define a function g as in (ii) of Lemma 4.3. Then, ¢ is a continuous injection
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from [ ;e s(z0) (@(4), 0(4)) into [];e4(z0) Li- By Theorem 1.7, we have |n '\
s(zo)| < [n\ (o)l So, [s(xo)| = [t(x0)] 0

Lemma 4.5. Let ¢o € K such that co € Co(c) and [co] € dom(f). Suppose
s(co) # @. Then, there exists an open neighborhood W of f(co) such that
for every z € W, if z | t(co) = f(co) | t(co), then there exists x € K such
that = | s(co) = co | s(co) and f(z) = 2.

Proof. Let a,b, g be as in the conclusion of Lemma 4.3 (ii). Then, g is a con-
tinuous injection from [];c, o) (a(4),b()) into [T;c i) Lj- By Lemma
4.4, |s(co)| = [t(eo)|- So, we have |n\ s(co)| = |n\t(co)|- Thus, we can apply
(*)n—|s(co)| to show that g is an open map.

So, ran(g) is an open neighborhood of g(co). Let W be the set of all z € L
such that z [ (n\t(cp)) € ran(g). We shall show that this W works. Clearly
W is an open subset of L. We have

gleo I (n\ s(co))) = f((co I (n\ 5(c0))) U(co [ s(co))) [ (n\t(co))
= f(co) I (n\ t(c0))
So, f(co) € W. Let z € W be so that z [ t(co) = f(co) | t(co). By the defi-
nition of W, 2z [ (n\ t(co)) € ran(g), so there exists y € [ ;e\ () (@(2), b(4))
such that g(y) = z [ (n\ t(cp)). By the definition of g, it implies

flyU(co I's(c))) I (n\t(co)) =z I (n\ t(co))

By Lemma 4.3 (i), f(y U (¢co | s(cp))) | t(co) = f(co) | t(co) = z | t(co).
Therefore, f(y U (co | s(co))) = 2. O

Lemma 4.6. Let xg € dom(f) such that [z9] C dom(f). Then, for each
io € s(xzo), there exists a unique jo € t(zo) such that fj, is constant on

{x € [x0] | (ip) = min[xo(ip)] }

Proof. If s(zg) = @, then [z¢] is a singleton. So, fj, is trivially constant on
{z € [zo] | 2(ip) = min[xo(ip)] }. Thus, suppose s(cp) # @.

First, we shall show the existence. Let ig € s(cg). By way of contradiction,
suppose that for every j € t(z), f; is not constant on { « € [zo] | z(ip) = min[zo(io)] }.
Let cg € C(zg) be defined by cy(i) = min[zo(i)] for all i < n. By Lemma
4.5, there exists an open neighborhood W of f(cy) such that for every
ze W, if z | t(co) = flco) | t(co), then there exists y € K such that
y | s(co) = co | s(co) and f(y) = 2. Since f is continuous, there exists
a,b € K such that ¢y € (a,b) C dom(f) and f~(a,b) C W.

Let j € t(cp). Since f; is not constant on { « € [zo] | (ip) = min[zo(io)] },
by Lemma 3.4 (applied with s = {ig}), there exists a;,b; € K such that
co € (aj,bj;) C dom(g), and for all z € (a;,b;), [x] C dom(f) and if x |
m\{io}) =co | (n\{io}) and z(ip) < co(ip), then for all d € C(z), we
have f;(d) = fj((co [ {io ) U (d T (n\{i0}))).

Define o/, b’ € K by for each i < n, let o/ (i) = max({ a(i) YU{ a;(i) | j € t(co) })
and b/(i) = min({b(3) } U { b;(0) | j € t(co) }).
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Let x € (a/,b') beso that = [ (n\{ig}) =co | (n\{i0}). Defined € (a’,¥)
by d [ (n\{io})=col (n\{io}) and d(ip) = max[z(ig)]. Then, d € C(x).
Since z € (a/,0") € (;¢4(aj,b5) and z [ (n\{io}) =co | (n\ {0 }), we have

f(d) Tt(co) = f((co [ {0 }) U(d T (n\ {io}))) [ t(co) = flco) T t(co)
Since d € (a/,V') C (a,b), we have f(d) € W. By the definition of W,

since f(d) | t = f(co) | t, there exists y € K such that y | s(co) = co | s(co)
and f(y) = f(d). Since f is injective, we have y = d. This is a contradiction
since d(ig) < c(ig) = y(ip). So, there exists jo € t(cp) such that f;, is
constant on { x € [z¢] | z(ip) = min[zo(ip)] }.

Now, we shall show the uniqueness. Suppose that jo and j; are distinct el-
ements of t(co) and both f;; and f;, are constant on { x € [x¢] | z(ig) = min[xg(ig)] }.

Define a function g : L 403 [20(D)] = TTjen o1 Li bY
g'(x) = f(x U {{io,min[co(io)]) }) T (n\ { o, j1 })-

It is easy to see that ¢’ is a continuous injection. This is a contradiction to
Theorem 1.7.
O

Lemma 4.7. For all a,b € K N M, ifa < b and (a,b) C dom(f), there
exists ¢ € (a,b) N M such that ¢ € Ce(c) and f(c) € Ce(f(c)).

Proof. In M, we shall build a sequence (ag,bx,cr | K < w) such that for
every k < w, ap < by, ¢ € (ag,br) and (ag+1,bx+1) C (ak, bg).

Let ap = a and bg = b. Suppose that ap and by are defined. Let ¢ €
(ak, bx) be so that for all m < k and i < n, (i) # cm (7).

We shall build a sequence (a j,bi; | 7 < n) such that for every j < n,
ar,j < by j. Let aro = ap and by o = bg. Suppose that ay ; and b ; are de-
fined. If f; is constant on (ay j, by ;), we can derive a contradiction by The-
orem 1.7. So, f; is not constant on (ag j, by ;). Thus, there exists ¢y ; such
that fj(ck;) # fj(ck). Since f; is continuous, there exists ax j11, bk j+1 € K
such that c; € (ak,j+1,0k+1); (akj+1,0k41) S (ak,j,br,;), and for every
z € (akj+1,bk5+1), fi(x) # fi(cr). Let aki1 = agy and bri1 = by

This construction can be carried out in M. So, without loss of generality,
we may assume {(ay, b, cx | k <w) € M.

By construction, for every m < k < w and j < n, fi(cm) € [ (ak, bi)-
So, fj(em) # fj(ck). Thus, there exists an increasing sequence (k; | | < w)
such that for every i < n, (cx, (i) | | < w) is strctly monotone and for every
Jj <n, (fi(ex,) | | <w) is strictly monotone.

Let ¢ be the limit point of (¢, | I < w). Since (cg,(7) | | < w) is strictly
monotone for all ¢ < n, this ¢ is unique. Since (¢, | | < w) € M, ¢ €
MNCIENM). So, ¢ € Ce(c). Also, for each j < n, (fj(ck,) | 1 < w) belongs
to M and is strictly monotone, f(¢) € CI(LNM). Thus, f(c) € Ce(f(c)). O

Lemma 4.8. For every ¢ € dom(f), if c € Ce(c), then f(c) € Ce(f(c)).
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Proof. We already know that f(c) € C(f(c)). So, it suffices to show that
f(¢) is a limit point of LN M. Let W be an open neighborhood of f(c).
Then, f<W is an open neighborhood of ¢. Thus, there exist a,b € K such
that ¢ € (a,b) C f<W. We shall define o, b’ € K N M as follows. Let i < n.
If ¢(i) = min[c(7)], then since min|c(7)] is a limit point of K; N M from
below, there exist a/(i),b' (i) € K; N M such that a(i) < a'(i) < V(i) < ¢(i).
If ¢(i) = max[c(i)], then since max[c(i)] is a limit point of K; N M from
above, there exist a/(i),b'(i) € K; N M such that ¢(i) < a/(7) < (i) < b(i).

By Lemma 4.7, there exists ¢ € (a’,b") N M such that f(¢') € Ce(f(c)) C
CI(L N M). Since (a/,b') C (a,b), ¢ is a limit point of L N M. O

Lemma 4.9. Let g € dom(f) such that [z9] C dom(f). Suppose h :
s(zo) — t(wo) is a function such that for every i € s(xo), fn@) is constant
on{x € [xo] | #(i) = min[zo(i)] }. Then, h is a bijection.
(i) for every i € s, fy(;) is constant on {x € [xo] | (i) = max[zo(7)] },
(ii) for every i € s and ¢, € Ce(wo), if c(i) # (i), then fru(c) #
fr@iy ('), and
(iii) h is a bijection.
Proof. Note that by Lemma 4.6, the function h exists uniquely.

Let ¢g € Ce(zo) be defined by ¢o(i) = min[zo(i)] for all i < n. Let
do = f(cp). By Lemma 4.8, dy € Ce(f(x0)). For each j < n, let di(j) €
Ce(fj(xo)) such that dy # dy.

For (i), let i € s(cp). Then, for every ¢ € Ce(x), if ¢(i) = min[zo(7)], we
have fi,i)(c) = fugi)(co) = do(h(i)). Notice

| {c € Culxo) | c(i) = minfzo(i)] } | = 2/5()=1 = gltlco)l =1
= |{d € Ce(f(20)) | d(i) = do(h(i)) }

Since f is injective,
J7 {e € Culwo) | (i) = minfeo(i)] } = {d € Cul(f(x0)) | (i) = do(h(3)) }

So, for every ¢ € Ce(o), if (i) = max[zo(i)], then fj;)(c) # do(h(i)). Since
Ty (€) € Ce(fn@) (o)), we have fy;)(c) = di(h(i)). By Lemma 3.5, for
every x € [zo], if x(i) = max[xo(i)], then f)(z) = di(h(7)).

For (ii), let i@ € s and ¢,d € Ce(xg) be so that c¢(i) # (i). Since
(i), d (i) € Ce(xo(7)), we may assume c(i) = min[zo ()] and /(i) = max[zo(7)].
In the previous paragraph, we showed f5;)(c) = do(h(i)) # di(h(i)) =
0 ().

For (iii), since |s(co)| = [t(co)|, it suffices to show that h is injective. Let
ip, 71 be distinct elements of s such that h(ig) = h(i1). Let ¢1 € Ce(xp)
be defined by ¢1 | (n\{io}) =co | (n\ {i0}) and c1(ip) = max[zo(ip)].
Then, since c¢1(i1) = co(i1), we have fy(;,)(c1) = fu(i,)(co). Meanwhile, by
(ii), since c1(io) # co(io), we have fyo)(c1) # fu(iy)(co). However, since
h(ip) = h(i1), this is a contradiction. O
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Lemma 4.10. Let xy € dom f such that [xg] C dom(f). Then, f~[xo] =
[f (z0)]-

Proof. We already know f~[zo] C [f(z0)]. So, it suffices to show [f(x0)] C
f7[xo]. Define ¢y € Ce(zg) by co(i) = minfzg(i)] for every i < n and
c1 € Ce(x0) by c1(i) = max[zo(i)]. Let h be the function defined in Lemma
4.9.

First, we shall show that for every z € [f(zo)], if min[f;(x0)] < 2(j) <
max|fj(xo)] for every j € t(xzg), then z € f7[x]. For each j € t(zo), since h
is bijective, there exists i € s(x) such that h(i) = j. So, for every x € [zo],
if (i) = min[zo(4)], then f;j(z) = fj(co). Also, if z(i) = max|z(i)], then
fj(x) = fj(c1). Notice that z(j) is strictly between fj(co) and fj(c1). By
Theorem 1.5, there exists « € [zg] such that f(z) = z.

Let z € [f(x0)]. Clearly, for every open neighborhood U of z, there exists
2" € [f(zo)] such that min[f;(zo)] < 2/(j) < max|[f;j(xo)] for every j € t(xo).
We have shown 2’ € f7[xg]. So, z € CI(f 7 [xg]) = f 7 [z0]. O

5. MAIN THEOREM

Theorem 5.1. Let n be a positive integer, K; a connected LOTS with no
end points and |K;| > 2 for each i < n, L;j a connected LOTS for each
Jj <mn, and f a continuous injective function from a nonempty open subset
of [1;c,, Ki into Hj<n L;. Then, f is an open map.

Proof. First, we shall show that it suffices to show that (x),, suffices. Suppose
that n, K;, L;, f be as in the assumption and suppose (*), holds. Notice that
we cannot apply (), directly since K; is not compact. We shall show that f
is an open map. Let U be a nonempty open subset of dom(f). To show that
f7U is open, let z € f7U. Then, there exists x € U such that f(x) = z.
Let 6 be a regular cardinal such that 6 > 0y, and M a countable elementary
substructure of H () with (K; | i <n),(L; | j <n), f,U,z,x € M. For each
i < n, since K; has no end points, there exist a(i),b(i) € K; N M such that
a(i) < x(i) < b(i). Let K] = [a(i),b(7)] for every i < n. Define f' = f |
[I;<n(a(i),b(i)). Then, Kj, L;, f' satisfy the assumption of (x),. Thus, f’
is an open map. So, (f')” (U N[],.,(a(i),b(i))) is an open neighborhood of
f(x) = 2. Trivially, we have (f')”(UN[],.,(a(i),b(i))) € f7U. Therefore,
U is open.

Now, we shall prove (%), for all positive integer n by induction. (x);
is trivial. Let n be a positive integer and suppose that (x),, holds for all
m < n. Let Kj, L;, f be as in the assumption of (x),. Let K = [Licn K
and [ = [Licn Li-

Let U be a nonempty subset of dom(f). We shall show that f~U is open
in L. Let 79 € U. It suffices to find a basic open neighborhood W of f(xo)

such that W C f7U. Let 6 be a regular cardinal such that 6 > 6 » 2 Let

M be a countable elementary submodel of H(#) with K, L, U xg € M.
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By Lemma 2.18, [xg] C U. By Lemma 2.19, there exist ag, by € KEnM
such that z¢ € (ag,bo) C U and for every x € (ag, by), [x] C U.

Claim 1. { [xU x € (ag,bo) } = ([aol, [bo]). In particular, {[z] | z € (ao,bo) }
is open in (K, M).

Proof. We shall show { [z] | z € (a0, bo) } = ([ao], [bo]). Tosee {[z] | x € (ap,bo) } C
([ao], [bo]), let = € (ap,bp). By the definition of ag, b, we have [z] C (ag, bp).

E}o,] for every i < m, ap < min[z(i)] and max[x(7)] < bg(i). Thus, [ag] < [z] <
0]-

To see ([ag), [bo]) € {[z] |z € (ao,bo)}, let € K be so that [z] €
([ao], [bo]). Then, for every i < n, ap(i) < (i) < bo(i) and hence x €
(a0, bo)- O

Claim 2. ¢(f, M) is injective on ([ag], [bo]).

Proof. Let z,2’ € K be so that [2],[2] € ([ao], [bo]). Then, z, 2’ € (ag,bp).
Suppose ¢ (f, M)([e]) = p(f, M)([«']). Then, [f()] = [f(«')]. By Lemma

4.10, we have f~[z] = [f(z)] and f7[2'] = [f( ). Thus, f~[z] = f~[a]].
So, f(z') € f7[z]. Thus, there exists 2" € [z] such that f(a') = f(2”).
Since f is injective, 2’ = 2" ~ . So, [z] = [2/]. O

Both ([ag), [bo]) and (L, M) are isomorphic to R™. By Theorem 1.6,
o(f, M) is an open map. So, ¢(f, M)~ ([ao], [bo]) is open . Recall zg €
(ao,bp) and hence [f(z0)] € ©(f, M)~ ([ao], [bo])- So, there exist dy,dy < L
such that [f(z0)] € ([do], [d1]) C @(f, M)~ ([ao], [bo]). Define djy,d} € L by
dy(i) = max[dp(i)] and d} (i) = min[dy(z)] for all i < n. Since [f(zo)] €
([do], [dn]), clearly f(xo) € (dp,dy).

Claim 3. (dy,d}) € 7 (ao, bo).

Proof. Let z € (d_’Q,d’l). Then, [2] € ([do], [d1]) € @(f, M) ([ao], [bo])- So,
there exists x € K such that [x] € ([ao], [bo]) and ¢(f, M)([z]) = [z]. Since
[z] € ([ao], [bo]), we have x € (ag,bp). By Lemma 4.10, we have f7[z] =
[f(z)] = [2]. So, there exists a2’ € [z] such that f(z) = z. O

Therefore, there exists a basic open neighborhood (df, d}) of f(zg) such
that (df),d}) C f7(ap,by) C f7U. Thus, f7U is open. O

We shall also prove the following corollary, which will be used in Section
6.

Corollary 5.2. Let n be a positive integer. For each i < n, let K; be
a connected LOTS with no end points and |K;| > 2, and L; a connected
LOTS. Let f be a continuous injection from an open subset of [[,_., K; into
[I;<nLj- Then, for all zo € dom(f),

<n

{i <n|xo(i) has a separable open neighborhood }|
= /{7 <n| f(zo)(j) has a separable open neighborhood }|
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Proof. Let K = [I;<, Ki and L= [, Li- Let xg € dom(f). Let s" be the
set of all ¢ < n such that zg(i) has a separable open neighborhood and ¢
the set of all j < n such that f(z¢)(j) has a separable open neighborhood.
So, the conclusion can be expressed as |s'| = |t/|

For each i € &', let U; be a separable open neighborhood of x((i). For each
ien\s, let Uy = K;. Then, dom(f)N[],.,, Us is an open neighborhood of
xo. So, there exists (Uj | i < n) such that 2¢(i) € U] € U; and [[,_,, U] €
dom(f). Let U' =T],., U/

By Theorem 5.1, f~U’ is an open subset of L. Thus, there exist a,b € L
such that f(zo) € (a,b) C f7U’. Let 0 be a regular cardinal such that

0 >0z and M a countable elementary substructure of I (#) such that

KL, f,20,U",a,b e M.

We shall define z € (a,b) as follows. For each j € ¢, let 2(j) = f(z0)(j)-
For each j & t/, by the definition of ', f(z()(j) has no separable open
neighborhood. In particular, (a(j),b(j)) is not separable. Thus, (a(j),b(5))\
CUL; N M) £ 2. Let 2(j) € (a(j),b(j)) \ CL(L; 1 M),

Since z € (a,b) C f7U’, there exists x € U’ such that f(z) = z. By
Lemma 4.4, |s(z)] = [{(2)].

Claim 1. ' Cn\ s(x)

Proof. Let i € s'. Then, x(i) C U] C U;. Since Uj is separable, [zo(i)] =
{x0(i) }. So, s’ & s(x). Thus, s Qn\ (x). O

So, we get |s'| < n —|s(z)].
Claim 2. n\t' C t(z)

Proof. Let j € n\t'. Then, by the definition of z, we have z(j) € (a(j),b(j))
CI(L; N M). If f; is constant on [z], then f(z)(j) = 2(j) € CI(L; N M). So
f; is not constant on [z] and hence j € t(z). n\t' C t(x).

_—

O

So, we get n — |t/| < |t(z)| = |s(x)| and so n — |s(x)| < |[¢/|. Therefore, we
have |s'| < |/].

By Theorem 5.1, f~! is a continuous injection from ran(f) into dom(f)
and ran(f) is open. By applying the same argument, we can obtain |s'| > |¢/|.
Therefore, |s'| = |t/ O

6. SEMIGROUPS AND THE INVARIANCE OF DOMAIN PROPERTY

In this section, as an application of Theorem 5.1, we shall show that
when the finite product of connected LOTS carries a cancellative topological
semigroup, then it is locally Euclidean (Theorem 6.7). First, we shall prove
necessary lemmas.

Recall that we say that a topological space X is locally separable if and
only if every point in X has a separable open neighborhood. We say that X
is locally Euclidean if and only if there exists a nonnegative integer n such
that every point in X has an open neighborhood that is homeomorphic to
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an open subset of R™. So, every finite product of locally separable connected
LOTS without endpoints is locally Euclidean.

Lemma 6.1. Let X be a connected separable topological space, K a nowhere
separable connected LOTS, and g : X — K a continuous function. Then, g
s constant.

Proof. Let X, K, g be as in the assumption. Since X is connected and sep-
arable, so is ran(g). Suppose that ¢ is not constant. Then, there exists
21, 29 € ran(g). Without loss of generality, we may assume z; < z9. Since
ran(g) is connected, we have (z1, 2z2) C ran(g). Then, (21, 22) is a nonempty
separable open set in K. This is a contradiction to the assumption that K
is nowhere separable. [l

Lemma 6.2. Let K be a nowhere separable connected LOTS and L a sepa-
rable connected LOTS. Let g : K — L be a continuous function. Then, g is
constant.

Proof. Let 0 be a regular cardinal with 6 > 0 1 ,. Let M be a countable
elementary substructure of H () with K, L, g € M. By way of contradiction,
suppose that there exist zg,z1 € K such that g(z¢) # g(x1). Without loss
of generality, we may assume xg < x1. By elementarity, we may assume
xo,x1 € K N M. By reversing the order of L if necessary, we may assume
g(xo) < g(z1). Let zo = inf{zx € K |z9 <z Ag(xo) < g(x)}. Then, o €
M. By the definition of z2, g(min[z2]) = g(x2) = g(zo).

If 9 = max[zs], then g(minfxs]) = g(z2) = g(max[zz]). By Fact 3.1, g
is constant. So, we have xo < max|zs]. By the definition of x, there exists
x3 € (w2, max[zg]) such that g(zp) < ¢g(x3). Since L is separable, there
exists yo € L N M such that g(xg) < yo < g(x3). Then, g (+,y0) is an
open neighborhood of x9 and ¢ (+—,y9) € M. So, there exist a,b € K N M
such that x9 € (a,b) C g (+,yo). Then, x93 < b < x3 < max[zy]. This is a
contradiction since b € M but (z2, max[zs]) N M = @. O

By repeatedly applying the previous lemma, the following can be easily
shown.

Lemma 6.3. Let n be a positive integer, K; a nowhere separable connected
LOTS for eachi < n, and L a separable connected LOTS. Let g : [[,_. K; —
L be a continuous function. Then, g is constant.

<n

We shall temporarily say that a topological space X has the 10D prop-
erty if and only if every continuous injective function f : X — X is an open
map. So, Theorem 5.1 implies that every finite product of connected LOTS
without endpoints has the IOD property. We shall use this fact to investi-
gate connected cancellative topological semigroups on the finite product of
connected LOTS without endpoints.

When S is a semigroup and x € S, we shall define I, : S — S and
ry : S — S by l;(y) = zy and r, = yr. Temporarily, we shall write that
a topological space X satisfies (4) if and only if for all z,y € X, there
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exists a homeomorphism f from an open neighborhood of x onto an open
neighborhood of y such that f(z) =y.

Lemma 6.4. Let S be a cancellative topological semigroup such that S has
the I0OD property. Then, S satisfies (+).

Proof. Let x,y € S. Since S has the IOD property, I, is an open map.
Define W, = ran(l,). Then, W, is an open neighborhood of I,(y) = zy.
Similarly, 7, is an open map. Define W, = ran(ry). Then, W, is an open
neighborhood of ry(xz) = xy. Let W = W, N W,. Then, W is an open
neighborhood of xy. Let Uy, = (I;) "W and U, = (r;)"'W. Then, U, is an
open neighborhood of y while U, is an open neighobrhood of z. It is easy
to see that I, [ Uy and ry | U, are homeomorphism onto W. Thus, U, and
U, are homeomorphic. ([

Lemma 6.5. Let K be a nonempty connected LOTS. Then, there exists a
nonempty open subset U of K such that either U 1is separable or nowhere
separable.

Proof. If K is nowhere separable, any p € K and U = K works. Suppose
that K is not nowhere separable. Then, there exists a nonempty separable
open subset U of K. (]

Lemma 6.6. Let n be a positive integer and K; a connected LOTS with no
end points and for each i < n. Suppose that [[,_, K; satisfies (+). Then,
for every i < n, K; is either locally separable or nowhere separable.

Proof. Let K = [Li<,, Ki. Suppose otherwise, i.e., there exists ig < n such
that Kj;, is neither locally separable nor nowhere separable.

We shall define z,2/ € K as follows. For every i < n with i # ig, by
Lemma 6.5, there exists a nonempty open subset U; of K; such that either
U; is separable or U; is nowhere separable. Without loss of generality, we
may assume that U; is a convex set. Let z(i) be an arbitrary element of
U; and set 2/(i) = z(i). Since Kj, is not nowhere separable, there exists a
nonempty convex separable open subset U;, of Kj;,. Let z(ig) be an arbitrary
element of U;,. Since Kj;, is not locally separable, there exists a 2’(ig) € K;,
that has no separable open neighborhood.

Let s’ be the set of all 7 < n such that U; is separable. Notice that i € s
if and only if x(7) has a separable open neighborhood. In particular, since
x(ip) has a separable open neighborhood Uj,, we have iy € s’. For every
i < n with i # g, since /(i) = z(i), i € ¢’ if and only if /(i) has a separable
open neighborhood. By the definition of 2/ (iy), 2’ (ip) has no separable open
neighborhood. Thus, i € s\ {4} if and only if 2/(7) has a separable open
neighborhood.

Since K satisfies (4), there exists a homeomorphism f from an open
neighborhood of x onto an open neighborhood of a’ such that f(z) =
x’. Without loss of generality, we may assume that dom(f) has the form
[Lic,, K where for each i < n, K is an open interval in K; such that
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K; C U;. Then, we can consider f as a continuous injection from [T, K]
into [[,.,, K. By Lemma 5.2,

|s'| = |{i < n | z(i) has a separable open neighborhood }|
=|{j <n| f(x)(j) has a separable open neighborhood }|
= |{j < n|2(j) has a separable open neighborhood } |
="\ {0 }|
This is a contradiction. g

Theorem 6.7. Let n be a positive integer and K; a connected LOTS with
no end points for all i < n. If there is a cancellative topological semigroup
on [[;c, Ki, then for every i < n, K; is locally separable. In particular,
[Licn, K is locally Euclidean.

Proof. 1f |K;| = 1, then we may ignore the coordinate. Thus, we may assume
that for all i < n, |K;| > 2.

Let K = [I;<,, K. Suppose that there is a cancellative topological semi-
group on K. By Lemma 6.4, S satisfies (+). By Lemma ??, for every i < n,
K; has no endpoints. By Lemma 6.6, for every i < n, K; is either locally
separable or nowhere separable.

Let ug be the set of all ¢ < n such that K; is locally separable and
up =n\ ug.

Claim 1. For every j € u1, 20,20, 21,7 € [[;c, Ki and 4,y € [[icy, Kis
mi((zo Uy) - (xo UY)) = mj((z1 Uy) - (21 Uy"))

Namely, 7;((z Uy) - (' Uy’)) does not depend on z,z’.

Proof. Fix j,y,y as in the assumption. Define a function § : HiEuo K; x

Hieuo Ki - Kj by

g(a,2!) = mi((x Uy) - (' Uy))

Then, since g is a continuous function from a separable space into a
nowhere separable connected LOTS, by Lemma 6.1, g is a constant function.
In particular, g(zo, z() = g(x1,«}), which means

mi((zo Uy) - (25 Uy)) = mj((z1 Uy) - (2] Uy'))
O

Define p : [[,, Ki = [ljeu, Kj by p(z) = @ [ ui. Let ~, be an
equivalence relation on [],_, K; defined by & ~, & if and only if p(2) =

p(2'), namely & | w3 = 2’ [ wy. Then, by the previous claim, for every
3?0,@’6,3?1,@”1 S Hi<n K;, if 2o ~p 1 and @6 ~p :i’ll, then

p(&o - 0) = p(d1 - 21)
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Thus, we can find a binary operation * on []
is a quotient semigroup of [
:i', .:i'/ 6 Hz<n K’L?

icu, K so that ([[;c,, Kis*)
K; by ~,. Namely, it satisfies that for every

i<n
p(&) * p(@') = p(@ - 3')
Or equivalently,
(& Tu)* (@ Tu) =(@-2) w
Claim 2. For every j € ug, z,2' € [[;c,, Ki, and yo, 90,91, 91 € [icu, Kis
mi((xUyo) - (2" Uyp)) = mi((z V) - (2" Ugy))

Proof. Fix j,z, 2’ as in the assumption. Define a function g : [
by

€Ul Ki - Kj
9(y,y) =mi((xUy) - (2" Uy"))
Then, since § is a continuous function from the finite product of many
nowhere separable connected LOTS into a separable connected LOTS, by
Lemma 6.3, g is constant. Thus,
mi((xUyo) - (=" U b)) = 9(yo, 0) = G(y1. 1)
=7i((zUy) - (' Uyh))

Claim 3. (][]

Proof. Let y,y',y" € [l;c,, Ki such that y* y"” = 3/ xy”. We shall show
that y = y'. Let xo € [[;c,, Ki and define & = 2o Uy, 2’ = 290 Uy, and
2" = x9 Uy"”. By the definition of *, we have
(@-2") Tur = (& [ ur) * (2" [ wr)
:y*y//:y/*y//
= (2" Tup)* (2" | up)

=@ ") Tw

icu, Ky %) is cancellative.

Meanwhile, by Claim 2, since Z [ ug = 2’ | ug = 2", we have
(i‘ . i”) r uy = (ZE/ . 1%”) [ ()

Thus, #-2” = 4’ -2". Since K is cancellative, we have & = #/. Thus, y = v/'.
Similarly, we can show that y * 3/ = y * 3" implies ¢/ = ¢ O

Define f : [[;e,, Ki X [Ticu, Ki = [licu, Ki X [licu, Ki by

f,v) = (y,y*y)

Claim 4. f is a continuous injection.
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Proof. Since (Hie”1 K;,*) is a topological semigroup, f is continuous. To
show that f is injective, suppose f(vo,vy) = f(y1,v}). Then, yo = y1 and
Yo * Yy = Y1 * y;. So, we have y; x y| = y1 * y]. Since * is cancellative, we
have y{, = y}. O

By Theorem 1.3, f is coordinate-wise. Since f(y,y’) = (y, y*y'), it implies
that y * ' depends only on y'. Since (]];c,,, Ki,*) is cancellative, it implies
that it is a trivial semigroup. Thus, u; = @ and hence uy = n. Namely, for
every i < n, K; is locally separable. So, K is locally separable and hence

first countable.
O

If S is a monoid in addition, then we may use the following theorem.

Theorem 6.8. Let S be a connected cancellative topological monoid such
that both S and S? have the I0D property. Then, S is a group.

Proof. Let e be the identity element. Define f : S? — S? by f(z,y) =
(x,zy). Then, clearly f is continuous.

Claim 1. f is injective.

Proof. Suppose that f(z,y) = f(2/,y’). Then, (x,zy) = (', 2'y’). So,

x =2’ and xy = x'y’. Thus, zy = zy’. Since S is cancellative, y = 3. Thus,

(z,y) = (2, ). O
Since S? has the IOD property, f is an open map.

Claim 2. There exists an open neighborhood U, of e such that every element
of U, has a right inverse.

Proof. We have f(e,e) = (e,e). So, there exists an open neighborhood U,
of e such that U, x U, C ran(f). Let € U.. Then, (z,e) € ran(f). So,
there exists y € S such that f(z,y) = (z,e). So, zy = e. O

Let U be the set of all elements of S that have a right inverse. Trivially,
U, CU. It is easy to see that if z,y € U, then zy € U.

Claim 3. U is open.

Proof. Let x € U. We know that [, is continuous. Since S is cancellative,
Iy is injective. Since S has the IOD property, [, is an open map. Thus,
.7 U, is an open neighborhood of x. We shall show that I, U, C U. Let
2 € l; " Ue. Then, there exists y € U, such that xy = z. Since both x and y
are in U, we have z =zy € U. O

Claim 4. U is closed.

Proof. Let z € S\ U. By the same argument as in the proof of the previous
claim, I, U, is an open neighborhood of #. We shall show that [, U, C
S\U,ie. UNl, U, = @. Suppose not. Then, there exists y € U, such
that xy € U. So, xy has a right inverse, say z. Then, xyz = e. So, yz is a
right inverse of x and hence x € U. This is a contradiction. O
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Since S is connected, the previous two claims imply U = S. Namely,
every element of S has a right inverse. Since .S is a cancellative monoid, it
implies that every element of S has an inverse. Therefore, S is a group. [

Thus, every cancellative topological monoid on the finite product of con-
nected LOTS is in fact a group. It is well known that the following theorem
can be shown by combining the results of A. Gleason [3] and D. Montgomery
and L. Zippin [10].

Theorem 6.9 (Gleason, Montgomery, and Zippin). Every locally Euclidean
group is a Lie group.

Thus, we can obtain the following corollary.

Corollary 6.10. FEvery cancellative connected topological monoid on the
finite product of connected LOTS is a Lie group.

Proof. Let S be a cancellative connected topological monoid on the finite
product K= [L;-,, K of connected LOTS. By Theorem 5.1, K has the IOD
property. By Theorem 6.8, S is a group. By Theorem 6.7, each Kj; is locally
separable and has no endpoints. Thus, K is locally Euclidean. By Theorem
6.9, S is a Lie group. O

Thus, we may use the classification of connected finite-dimensional Lie
groups to classify connected cancellative topological monoids on Euclidean
spaces. For example, connected two-dimensional Lie groups are classified as
follows:

Fact 6.11.

(i) There are three abelian two-dimensional Lie group up to isomor-
phism: R%, R x S, and S x S*.

(ii) There exists a unique nonabelian two-dimensional Lie group up to
isomorphism, which is the affine group of the line Aff(1).

Neither R x S! nor S' x S' is not homeomorphic to R?. Meanwhile, it
is well known that Aff(1) is homeomorphic to R%. So, we get the following
corollary.

Corollary 6.12.

(i) The only abelian cancellative connected topological monoid on the
product of two connected LOTS is R? with the ordinary vector addi-
tion up to isomorphism.

(i) The only nonabelian cancellative connected topological monoid on the
product of two connected LOTS is Aff(1) up to isomorphism.

7. CANCELLATIVE TOPOLOGICAL SEMIGROUPS ON THE FINITE PRODUCT
OF CONNECTED LOTS POSSIBLY WITH ENDPOINTS

Now, we shall consider the case when some K; has end points. Notice
that for every positive integer n, [0,00)"™ with the coordinate-wise addition
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is an example of a cancellative topological semigroup on the finite product
of connected LOTS that have the minimum element. So, this case is not
vacuous.

Lemma 7.1. Let K be a connected LOTS. Then, there exists a connected
LOTS L with no end points such that K is a convex subset of L.

Proof. If K has no minimum element, then let K/ = K. Otherwise, let K’
be the concatenation of R and K. It is easy to see that in both cases, K’ is
a connected LOTS without minimum element and K is a convex subset of
K/

If K’ has no maximum element, then let L = K’. Otherwise, let L be the
concatenation of K’ and R. Again, in both cases, L is a connected LOTS
without maximum or minimum element and K is a convex subset of L. [J

Lemma 7.2. Let n be a positive integer and K; a connected LOTS. Suppose
that there is a cancellative topological semigroup on [];_, K;. For each i <
n, let K be the set of all p € K; such that p is neither the maximum or
minimum element of K;. Note that K| is a connected LOTS. Then, for
all z,y € ;o K, we have xy € [[;,,, K. Thus, the restriction of the

<n 1
topological semigroup on [[,_,, K/ is a cancellative topological semigroup.

1<n
Proof. By Lemma 7.1, for each ¢ < n, there exists a connected LOTS L;
without end points such that K; is a convex subset of L;. Let xg,yo €
[[;<, Ki. Notice that ], , K; is an open subset of [[,_, K;. Let f :
[licn Ki = Ilicn Li be a function defined by f(y) = xzoy. Then, f is
clearly a continuous injection. By Theorem 1.6, f is an open map. Thus,
7 I, K is an open neighborhood of xoyo in [],_,, Li.

We shall show that zoyo € [],.,, K;. Suppose not. Then, there exists
Jj < n such that (xoyo)(j) is either the maximum or minimum element of
K. For simplicity, suppose that (zoyo)(j) is the maximum element of K.
Since f7[],.,, K| is an open neighborhood of oy in [],_,, Li, there exists
z € f7 ], K such that z(j) > (xoyo)(j). However, by the definition, we
have z € [],.,, K; and hence z(j) € K;. Thus, 2(j) < (zoyo)(j). This is a

contradiction. O

Theorem 7.3. Let n be a positive integer and K; a connected LOTS for
each i < n. Suppose that there is a cancellative topological semigroup on
[Lic,, Ki. Then, for every i < n and p € K;, if p is neither the mazimum
or minimum element of K;, p has a separable open neighborhood in K;.

Proof. For each i < n, let K/ be the set of all p € K; that is neither the max-
imum nor minimum element. Then, by Lemma 7.2, there is a cancellative
topological semigroup on [],_, K;. By Theorem 6.7, for every i < n, K is
locally separable. Thus, for every ¢ < n and p € K], p has a separable open
neighborhood in K]. Since K/ is an open subspace, p also has a separable

open neighborhood in K;. ([l
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